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Abstract: we design, for a broad class of rational-expectations dynamic stochastic general-
equilibrium models, “bubble-free” interest-rate rules that not only ensure the local determinacy of
the targeted equilibrium in the neighbourhood of the targeted steady state, but also prevent the
economy from gradually leaving this neighbourhood. We show that these rules can still be effect-
ive when the perfect-information, rational-expectations and forever-commitment assumptions are
slightly relaxed. The design and study of these rules also lead us to both generalize and qualify
existing results on whether and to what extent an interest-rate rule should be forward-looking to
ensure equilibrium determinacy.
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Introduction

Today’s most common practice to design monetary policy in a rational-expectations dynamic
stochastic general-equilibrium (DSGE) model proceeds in two steps. First, the exogenous stochastic
disturbances are assumed to be small enough for the targeted equilibrium to be found in the
neighbourhood of the targeted steady state. Second, an interest-rate rule is chosen such that
the system of equations linearised in this neighbourhood admits that equilibrium as its unique
stationary solution. Such an interest-rate rule, whose locally linearised form is often a Taylor rule
satisfying the Taylor principle, enables the central bank to preclude the kind of macroeconomic
fluctuations that, according to Clarida, Gali and Gertler (2000) and Lubik and Schorfheide (2004),
occurred in the U.S. before 1979. However, as first shown by Benhabib, Schmitt-Grohé and Uribe
(2001a), these interest-rate rules can be consistent with equilibrium trajectories that originate
from the neighbourhood of the targeted steady state and gradually leave this neighbourhood —
for instance to fall eventually into the neighbourhood of another steady state interpreted as the

liquidity trap, as arguably did the Japanese economy in the 1990s-2000s.
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This paper designs locally linearised interest-rate rules that preclude all the undesirable devel-
opments mentioned above by not only ensuring the local determinacy of the targeted equilibrium
in the neighbourhood of the targeted steady state, but also preventing the economy from gradu-
ally leaving this neighbourhood. To that aim, we consider a broad class of rational-expectations
dynamic stochastic linear systems of equations, meant to represent the locally linearised reduced
form of rational-expectations DSGE models. Provided that the exogenous stochastic disturbances
are small enough, a necessary condition for the economy to gradually leave the neighbourhood
of a steady state is that the locally linearised system admit at least one unstable eigenvalue, i.e.
one eigenvalue of modulus higher than or equal to one. By removing all unstable eigenvalues
from the locally linearised system, the interest-rate rules put forward in this paper therefore pre-
vent the economy from gradually leaving the neighbourhood of the steady state considered. They
moreover manage to ensure the existence and uniqueness of a local equilibrium by removing all
non-predetermined variables from the locally linearised system, thus making this system satisfy
Blanchard and Kahn’s (1980) conditions. We call them “bubble-free interest-rate rules” because,
in the fictitious linear model corresponding to this locally linearised system, they would eliminate
all mean-divergent rational bubbles of the type first identified by Blanchard (1979), unlike the
interest-rate rules commonly considered in the literature.

Loosely speaking, bubble-free interest-rate rules manage to remove all non-predetermined vari-
ables from the locally linearised system by mimicking the locally linearised structural equations,
i.e. the locally linearised system without the interest-rate rule, so as to disconnect current variables
— other than the current interest rate — from the private agents’ expectations of future variables.
We point out that, as a consequence, under a certain condition (likely to be met by most DSGE
models of the broad class considered), these interest-rate rules are forward-looking, i.e. make the
current interest rate conditional on the private agents’ current expectations of future variables. We
moreover show that, for any given stationary solution of the locally linearised structural equations,
there also exists a backward-looking interest-rate rule consistent with this solution, ensuring its
local determinacy and preventing the economy from gradually leaving the neighbourhood of the
targeted steady state. These two findings enable us to both generalize and qualify existing results
on whether an interest-rate rule should be backward- or forward-looking to ensure equilibrium
determinacy. The consideration of bubble-free interest-rate rules also enables us to contribute to
the literature on how much forward-looking a forward-looking interest-rate rule should be in order
to ensure equilibrium determinacy.

Since, loosely speaking, bubble-free interest-rate rules mimic the locally linearised structural
equations, some of their coefficients are tied to the structural parameters by equality constraints,

rather than by inequality constraints as is typically the case for the coefficients of interest-rate rules



ensuring only local equilibrium determinacy. This naturally raises the issue of what happens when
the central bank has imperfect knowledge of the structural parameters and accordingly follows an
interest-rate rule close to, but not exactly coinciding with a bubble-free interest-rate rule. We show
that such a rule still ensures local equilibrium determinacy and, by using the structural equations
as a lever on private agents’ expectations, still prevents the economy from gradually leaving the
neighbourhood of the targeted steady state. We also show that bubble-free interest-rate rules
can still be effective when the private agents form myopic rational expectations and when the
central bank cannot credibly commit to forever following an interest-rate rule, while by contrast
conventional interest-rate rules then prove even more problematic.

The remaining of the paper is organized as follows. Section 1 presents our general framework.
Section 2 designs bubble-free interest-rate rules. Section 3 uses both the results and the methods
of section 2 to examine whether and to what extent an interest-rate rule should be forward-looking
to ensure equilibrium determinacy. Section 4 discusses the robustness of the results of section 2 to

departures from various assumptions. We then conclude and provide a technical appendix.

1 A general locally linearisable model
This section presents our general framework.

1.1 Locally linearised system

We consider a rational-expectations DSGE model with one policy-maker and many private agents,
whether infinitely-lived or in overlapping generations. This model has N 4 1 endogenous scalar
variables, where N € N*!. Only one of them, called the control variable or policy instrument, is
directly controlled by the policy-maker. We make this restriction because we will consider only
monetary policy applications in the paper and most central banks use the short-term nominal
interest rate as their single monetary policy instrument. But this restriction is without any loss in
generality since, in the case of several control variables, the policy-maker could always exogenize
all but one.

The model admits at least one steady state. If there are several steady states, then we call
“targeted steady state” the one that is preferred by the policy-maker, e.g. the social-welfare-
maximizing steady state. If there is only one, then for simplicity we call it “targeted steady state”
too. The model is linearisable in the neighbourhood of the targeted steady state. The reduced form
of the model, linearised in this neighbourhood, is made of N + 1 time-invariant linear equations

that can be further decomposed into N structural equations, which describe the private agents’

n the following, we sometimes use for convenience notations that implicitly assume N > 2. In such cases, the
reader should easily infer the notation rigorously adapted to the case N = 1.



behaviour, and one policy feedback rule. Time being discrete, indexed by t € Z, let z; denote
the deviation of the control variable at date ¢ from its value at the targeted steady state, Y; the
N-dimension vector made of the deviations of the non-control variables at date ¢ from their values
at the targeted steady state, L the lag operator, &, a N-dimension vector of exogenous shocks and

Ey{.} the rational-expectations operator conditionally on {Y;—k, 2zt };>; and {gt—k}kzo'

The N structural equations are written as follows?:
E{A (L)Y, +B(L)z}+C(L)& =0 (1)
n® nh nt

with A (L) = ALLF, B(L) = B.L" and C(L) = C.LF

(NXN) Z’“:*m“ " (Nx1) Z’“:*mb (NXN) Zk:o 7
where (m®,mb,n* nb,n°) € N°, all Aj, By and Cj have real numbers as elements and all the
eigenvalues of C (L) are of modulus strictly lower than one. Each exogenous shock is assumed to

follow a centered stationary autoregressive process of finite order?:

Di(L) 0 ... 0
D(L)¢ —e withD(L) = | °
(NxN) : 0
0 ... 0 Dn(IL)

and D; (L) = ZZio dixL* for 1 < i < N, where n? € N, all d;, are real numbers, D (0) is
invertible, all the eigenvalues of D (L) are of modulus strictly lower than one and e; is a N-
dimension white noise vector that has a bounded probability distribution.

Let us call “fundamental shocks” the exogenous stochastic disturbances that feature in the
model’s equilibrium conditions and “sunspot shock” any exogenous stochastic process that is in-
dependent from all fundamental shocks. We define an equilibrium of the model as a sequence for
the endogenous variables, conditional on current and past fundamental and/or sunspot shocks,
that satisfies all the model’s equilibrium conditions. Importantly, we assume that (1) is a valid
first-order approximation of the structural equations at date t provided that, at the equilibrium
considered, all Y;_j and z;_j, for k € {1, ..., Max (n“, nb)} and all possible realizations of Y and
24k for k € {0, ..., max (m“, mb)} are close enough to zero, even when there exist some realizations
of Y;1x and 244 for k > max (m“7 mb) that substantially differ from zero.

Finally, we consider the set of policy feedback rules whose locally linearised form can be written
as follows:

EA{F (L)Y} +G(L)z +H(L)§ =0 (2)

2The focus of the paper, namely the design and the study of policy feedback rules in a general framework, forbids
us to start from the commonly used expression with only one lag and one lead for the locally linearised system.

3This assumption is not restrictive in the sense that if each element of &, followed instead a centered sta-
tionary finite-order ARMA process, then C(L)&, could easily be rewritten in the form C* (L)&; with C* (L) =
ZZ:() C}';Lk7 where n®* € N, all C}, are N X N matrices with real numbers as elements, all the eigenvalues of C* (L)
are of modulus strictly lower than one and each element of £&; follows a centered stationary autoregressive process
of finite order.
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with F (L) = F.LF, G(L) = LFand H(L) = H,L",
(1>EN2 Zk:_mf k ( ) Zk:o 9k (1><(N2 Zk:o k

where (m/,n/,n9 n") € N, all g are real numbers, gy # 0 and all Fj, Hj, have real numbers
as elements. Such rules qualify as “instrument rules” since their z;-coefficient gq is non-zero. We
assume throughout the paper, except in subsection 4.3, that the policy-maker can credibly commit

to forever following a policy feedback rule whose locally linearised form is of type (2).

1.2 Three additional assumptions

This subsection presents three additional assumptions that we make about the N structural equa-
tions (1). To that aim, let e; denote, for all i € {1,..., N}, the N-element vector whose i*" element
is equal to one and whose other elements are equal to zero. Let 4 denote the set of i € {1,...,N}
such that e/A (L) # 0 and Ig the set of ¢ € {1,...,N} such that e{B(L) # 0. Let m¢ =
—min [k € {-m?,..,n%}, elAy # 0] for i € I4 and m! = —min [k € {—mb, ...,nb} , eiBy # O]
for ¢ € Ip. Lastly, let us note, when Iy = {1,..., N},

e Lm

A(L)

ey LM~
We make the following two assumptions?:
Assumption 1: (i) Iy = {1,...,N}; (i) Vi € {1, ..., N}, m® > 0; (iii) A (0) is invertible.

Assumption 2: (i) 1 € Ig; (it) m§ > 0; (iii) Vi € Ip ~ {1}, m? —m? > max [0, m{ —mb].

Moreover, let A; (X) € R[X] fori € {1,..., N + 1} denote the determinant of the N x N matrix ob-
tained by removing its i*" column from N x (N + 1) matrix xmax[n® '] [A(X7Y) | B(XY) ],
and let D (X) € R[X] denote the greatest common divisor, defined up to a non-zero multiplicative

scalar, of all non-zero A; (X) for i € {1,..., N + 1}. We make the following assumption:
Assumption 3: all roots of D (X) have their modulus strictly lower than one.

To our knowledge, rational-expectations DSGE models whose locally linearised structural equa-
tions are of type (1) typically satisfy assumptions 1 and 3. We view assumption 2 as slightly more
restrictive. However, the specification made of (1) together with assumptions 1, 2 and 3 is gen-
eral enough to encompass the suitably rewritten locally linearised structural equations of many

rational-expectations DSGE models, and in particular of all those models whose locally linearised

4 All the propositions of the paper would still hold if assumption 2.iii were replaced by Vi € Iz ~ {1}, mi — mf >

m§ — mZ{: we make the assumption Vi € Ig \ {1}, m¢ — m? > 0 for convenience only, to keep the proofs of these

propositions simple.



structural equations are written in a form of type (1) satisfying assumption 1 and 3 and featuring
the short-term nominal interest rate only as a current variable (i.e. such that m® = n® = 0),
for instance in the Euler equation, the Tobin’s Q equation or the uncovered interest-rate parity.
Indeed, the locally linearised structural equations of these models can easily be rewritten in an
equivalent form of type (1) satisfying assumptions 1, 2 and 3, by re-ordering these equations so
that 1 € Ip and Vi € I~ {1}, m? > m{ and by replacing €] (1) by e;Bge] (1) — e]Bge; (1) for all
those i € Ig \ {1} such that m? = m$, where, for any N-equation system (5), €;(S) denotes the

ith equation of (S).

1.3 Targeted and non-targeted equilibria

In most rational-expectations DSGE models, the targeted equilibrium (e.g. the globally-social-
welfare-maximizing equilibrium) does not depend on sunspot shocks, and the fundamental shocks
are assumed to be small enough for this equilibrium to be found in the neighbourhood of the
targeted steady state. As a consequence, the targeted equilibrium can typically be locally linearised
in a stationary VARMA form that does not involve white noises other than those featuring in the
structural equations. We accordingly assume that the policy-maker seeks to implement a given

sequence {Y4, 2 },., that satisfies (1) for ¢ € Z and can be written in the form

[Yf]—sm[“}m(met 3)
Zt Zt
with  S(L) =Y SLfand T@) =Y T

(N+1)x (N+1)) Zk:l ((N+1)x N) Zk:o

where n® € N*, nt € N, all S and T, have real numbers as elements and all eigenvalues of
the systems I — S(L) and T (L) are of modulus strictly lower than one, where I denotes the
(N +1) x (N + 1) identity matrix.

Let 7 = max [m‘f,ml{] + Ef\iz m¢. Let 91 denote the neighbourhood of the targeted steady
state within which (1) is deemed an acceptable approximation of the model’s structural equations,
and n a given open neighbourhood of the targeted steady state such that: i) n C 91; ii) whatever
the realization of the exogenous shocks, the endogenous variables constantly remain in n at the
targeted equilibrium. The global interest-rate rule chosen should ideally not only be consistent
with the targeted local equilibrium presented above, but also eliminate all other equilibria. In this

paper, we focus on the following two kinds of non-targeted equilibrium:

Definition 1 (type-A equilibria): an equilibrium of the model is said to be of type A if: i)
whatever the realization of the exogenous shocks, the endogenous variables constantly remain in N

at this equilibrium; and it) this equilibrium differs from the targeted equilibrium.



Type-A equilibria correspond to the non-targeted local equilibria. As is well-known, they may exist
only if the locally linearised system admits more stable eigenvalues (i.e. eigenvalues of modulus

strictly lower than one) than required by Blanchard and Kahn’s (1980) conditions.

Definition 2 (type-B equilibria): an equilibrium of the model is said to be of type B if there
exists t € Z such that, at this equilibrium: i) whatever the realization of the exogenous shocks, the
endogenous variables remain in n up to date t — 1; i) the endogenous variables are in M\ n at
date t; i) whatever the realization of the exogenous shocks, the endogenous variables are in N
from date t to date t+ 7; and iv) the endogenous variables are outside M at some date later than

t+ 7.

Type-B equilibria correspond to the equilibria that originate from the neighbourhood of the tar-
geted steady state and gradually leave this neighbourhood. The possibility of their existence
has been shown, among others, by Benhabib and Eusepi (2005), Benhabib, Schmitt-Grohé and
Uribe (2001a, 2001b, 2002a, 2002b, 2003) and Christiano and Rostagno (2001). In these frame-
works, type-B equilibria take the form of equilibrium trajectories originating arbitrarily close to
the targeted steady state and gradually leaving its neighbourhood to eventually converge towards a
deterministic cycle, a chaotic cycle or a non-targeted steady state interpreted as the liquidity trap.
In Benhabib, Schmitt-Grohé and Uribe’s (2001a) framework, notably, they exist for empirically
plausible parameterizations and are robust to wide parameter perturbations.

Importantly, provided that the exogenous shocks are small enough, a necessary condition for
type-B equilibria to exist is that the locally linearised system admit at least one unstable eigenvalue,
i.e. one eigenvalue of modulus higher than or equal to one (otherwise all equilibria originating
locally would remain local). Note, interestingly, that Benhabib, Schmitt-Grohé and Uribe (2001a,
2002a, 2002b, 2003) provide one reason to suspect that type-B equilibria exist in many frameworks
satisfying this condition. Indeed, they point out that when the interest-rate rule respects the zero
nominal interest-rate lower bound and makes the interest rate react positively and, at the targeted
steady state, more than one-to-one to the inflation rate, there typically exist equilibrium trajectories
originating arbitrarily close to the targeted steady state and gradually leaving its neighbourhood
to eventually converge towards a second steady state at which the inflation rate is lower than its
targeted value and the interest rate reacts less than one-to-one to the inflation rate.

Naturally, type-B equilibria do not constitute the only possible kind of non-local equilibria.
In particular, equibria may exist that abruptly leave the neighbourhood of the targeted steady
state, as opposed to gradually, or that may not even originate from this neighbourhood. However,
these other equilibria seem to us less relevant than type-B equilibria, for essentially the same

reason as the one put forward by Benhabib, Schmitt-Grohé and Uribe (2001a, p. 43): “in major



industrialized countries [...] observed inflation dynamics are in general quite smooth, giving little
credence to a model in which movements in inflation at business-cycle frequency are due to jumps

from one steady state to another”.

2 Design of bubble-free interest-rate rules

This section designs locally linearised interest-rate rules of type (2) that not only are consistent
with the targeted local equilibrium and eliminate type-A equilibria, but also eliminate type-B
equilibria as well. We call them “bubble-free interest-rate rules” because, in the fictitious linear
model corresponding to our locally linearised system, they would eliminate all mean-divergent
rational bubbles of the type first identified by Blanchard (1979), unlike the interest-rate rules

commonly considered in the literature.

2.1 Bubble-free policy feedback rules

Let us adopt the convention ), {.} = 0 for u > v. Consider the policy feedback rules of the

following form:

B { L€l A (L)Y, | + L™ e{B (L)  + L" €/ C (L)€, + {0 (L) D (L)¢,

a

N b i a
w3 LR [ A (L)Y, + B (L) 2 + €C (L)€, + L™ e[ (L) D (L)€,

+LMRE [P (L)Y, + Q (L) % + R(D)D (D) €] = 0, (1)
where O (L), P (L), Q (L) and R (L) satisfy the following conditions:

b
my—1 k
k:aO 1 Ol’k;L
my— k
k=0 O2xL

Condition 1: O(L) = , where all O; ) have real numbers as elements.

(NXN) :
o Onlh
Condition 2: P (L) = Zio P, L, where n? € N and all Py, have real numbers as elements, and
(1xN)
Py
e3A (0)
Q = . 18 invertible.
(NxN) :
ey A (0)
Condition 3: Q (L) = Zq—max[o s —mb 1] qrL*, where n? € N and all q; are real numbers.
- LA § 1

Condition 4: the system
A(L) B(L)
PO o ) )

has all its eigenvalues of modulus strictly lower than one.



Condition 5: R (L) = Z;O Ry L¥, where n” € N and all Ry, have real numbers as elements.
(1xN)

Rules of type (4) satisfying conditions 1 to 5 belong to the class of rules (2), in particular because
their z;-coefficient e’lemg is non-zero. Two features of these rules, which may seem unpleasant at
first sight, are worth acknowledging at this stage: first, their use requires perfect knowledge of the
structural parameters, since some of their coefficients are linked to these parameters by equality
constraints; second, they rapidly become more and more complex as the number of forward-looking
structural equations increases. These two points are addressed in subsections 4.1 and 4.2 of the
paper.

For any system of equations (S), let L(S) denote the system obtained by applying operator L
on both the left- and the right-hand sides of each equation of (). We first show that the fictitious
linear model corresponding to our locally linearised system made of (1) and any rule of type (4)

satisfying conditions 1 to 5 admits a unique solution and that this solution is non-explosive:

Proposition 1 (determinacy): whatever t € Z and O (L), P (L), Q (L), R(L) satisfying con-
ditions 1 to 5, the system made of L¥(1) and L*(4) for all k > —7 admits a unique solution

{Yi—j, 21—} ;o and this solution is stationary.
Proof: cf appendix A. B

As made clear in appendix A, rules of type (4) satisfying conditions 1 to 5 achieve the existence and
uniqueness of the solution {Yy, z;} by insulating Y, from E; {Y;1x} and E; {241} for £ > 1, thus
pinning down Y uniquely, and by making z; uniquely recoverable from Y. Since the structural
equations may express Y; as a function of E;{Y:1xr} and Fy {z:11} for k > 1, these rules are
designed to “mimic” the structural equations in such a way that, when combined with these
structural equations, they disconnect Yy from E; {Y;yr} and E; {241} for k > 1. More precisely,
the expectation at date t of one of these rules taken at date ¢ +m} has the same forward-looking
part as the first structural equation, so that subtracting one from the other leads to a backward-
looking equation; similarly, the expectation at date ¢ of this backward-looking equation taken at
date t + m§ has the same forward-looking part as the second structural equation, and so on. This
explains why the time needed by these rules to be effective, equal to 7 periods, is a function of the
length of the forward-looking part of the structural equations. Since the system made of L*(1)
and L*(4) for all £ > —7 would be a valid first-order approximation of the model’s equilibrium
conditions along a candidate type-B equilibrium trajectory, proposition 1 implies that rules of type
(4) satisfying conditions 1 to 5 not only ensure local equilibrium determinacy, but also eliminate

all type-B equilibria.



We then show that whatever targeted local equilibrium of type (3) satisfying (1) can be imple-
mented by a suitably chosen policy feedback rule of type (4) satisfying conditions 1 to 5:

Proposition 2 (controllability): for any sequence {Yy, 2:},o4 of type (8) that satisfies (1) for
all t € Z, there exist O (L), P (L), Q (L) and R (L) satisfying conditions 1 to 5 and such that
{Y4, 2t },cy is the unique solution of the system made of (1) and (4) for all t € 7Z.

Proof: cf appendix B. B

Technically speaking, after choosing O (L) satisfying condition 1, appendix B uses the generalized
identity of Bezout and the Euclidian division to choose some P (L) and @ (L) that satisfy conditions
2, 3 and 4 and are such that the eigenvalues of I — S (L) are also eigenvalues of the system made of
(1) and (4), and Cramer’s rule to residually choose an R (L) that satisfies condition 5 and is such
that the unique solution of this system coincides with the targeted stationary VARMA process
(3). Hence, propositions 1 and 2 together imply that rules of type (4) satisfying conditions 1 to 5
not only are consistent with the targeted local equilibrium, but also eliminate all type-A and -B

equilibria.
2.2 A New Keynesian illustration

Our assumption that the linearization of the model’s equilibrium conditions in the neighbourhood
of the targeted steady state is valid even when endogenous variables are expected to leave this
neighbourhood at some sufficiently distant point in the future forbids us to consider models with a
Calvo-type price-setting mechanism, such as the New Keynesian model®. Nevertheless, we feel that
the best way to illustrate propositions 1 and 2 is to consider this well-known model and proceed
as if it satisfied this assumption.

Let us therefore consider the New Keynesian model, for simplicity in its deterministic version,
and assume that the targeted steady state is the globally social-welfare-maximizing steady state.
The structural equations linearised in the neighbourhood of this steady state are then of type (1),
with N =2, m¢ = m$ = 1 and m% = 0, and satisfy assumptions 1, 2 and 3. They consist of an IS

equation and a Phillips curve whose reduced forms are respectively written:

Ei{zi11} — o (is — Bt {mi11}), (6)

T = PE T} + ke, (7)

Tt

where x;, m; and i; respectively denote the deviations at date ¢ of the output gap, the inflation

rate and the short-term nominal interest rate from their values at the targeted steady state, while

5In such models, although they may well not be able to eliminate type-B equilibria, bubble-free interest-rate
rules can still be useful, as argued in subsection 4.3, by eliminating another kind of non-targeted equilibria called
“type-C equilibria”.
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B, k and o are three parameters such that 0 < 8 < 1, kK > 0 and ¢ > 0. The targeted equilibrium,
assumed to be the globally social-welfare-maximizing equilibrium, here coincides with the targeted
steady state, i.e. corresponds to my = 2y =iy = 0 for t € Z.

Suppose for a moment that the central bank sets the short-term nominal interest rate according

to a contemporaneous Taylor rule
it = QT + QT (8)

with (¢, ¢,) € R?. The locally linearised system is then made of (6), (7) and (8). As can be easily
seen by putting it into Blanchard and Kahn’s (1980) form, this system has two non-predetermined
variables and two eigenvalues whatever the value taken by (¢,,¢,) € R% As a consequence, if
(¢, @) is chosen so that these two eigenvalues are unstable, then Blanchard and Kahn’s (1980)
conditions are satisfied, i.e. type-A equilibria are eliminated, but type-B equilibria may exist®.
Alternatively, if (¢,,¢,) is chosen so that these two eigenvalues are stable, then the economy
jumps out of the frying pan into the fire as type-B equilibria can no longer exist but type-A
equilibria do. In other words, contemporaneous Taylor rules do not enable the central bank to
have the cake and eat it. This result naturally holds for any interest-rate rule that is not designed
to control the number of non-predetermined variables of the locally linearised system and explains
why Benhabib, Schmitt-Grohé and Uribe (2001a, 2002a, 2002b, 2003) find that type-B equilibria
exist precisely when type-A equilibria are eliminated by a locally “active” interest-rate rule.

By contrast, bubble-free interest-rate rules manage to eliminate both type-A and -B equilibria
by removing all non-predetermined variables and all unstable eigenvalues from the locally linearised

system. Such is the case, for instance, of the following kind of interest-rate rules:
. 1
iv = By {meqa} + om + Py {Azi} (9)

where A denotes the first-difference operator and 1 € R*, that is to say that, as an illustration of
proposition 1, the system made of (6), (7) and (9) taken at dates ¢ to t + 2 pins down (m¢, x4, i)
uniquely. Indeed, the replacement of i; in (6) by the right-hand side of (9) leads to my = 0, as
the terms in Fy {m11}, By {xs11} and z; cancel each other out; the same reasoning conducted one
period ahead implies E; {m:+1} = 0; the replacement of E; {m;+1} and 7; in (7) by 0 then leads to
x¢ = 0; the same reasoning conducted one period ahead implies F; {x;+1} = 0; finally, (6) or (9)

then leads to i, = 07.

6Under Woodford’s (2003) standard calibration (8 = 0.99, x = 0.024 and ¢ = 6.25), when both eigenvalues of
the system are of modulus higher than one, the lowest modulus of these eigenvalues is typically strikingly close to
one. Indeed, this modulus is equal to 1.03 when (¢, ¢,,) = (1.5,0.5), as in Taylor’s (1993) original formulation, and
does not exceed 1.39 for (¢,.,d,) € [0;2]2. This result suggests that equilibria that leave the neighbourhood of the
targeted steady state, if they exist, can do so gradually and therefore correspond to type-B equilibria.

"The simplicity of this proof is partly due to the fact that the New Keynesian Phillips curve makes x; directly
recoverable from 7 and Ej {m¢41}. However, as should be clear from the previous section, such a property is by no
means necessary for the existence of bubble-free interest-rate rules. Indeed, bubble-free interest-rate rules would still

11



It is worth noting that, by making é; react to E; {ms11} with a coefficient unity and to m; with
an arbitrary non-zero coefficient, rules (9) do not necessarily satisfy the so-called Taylor principle,
which makes i; react strictly more than one-to-one to the current or the expected future inflation
rate. This result is due to the fact that, in the standard New Keynesian model considered, the
Taylor principle is a necessary condition to eliminate type-A equilibria for specific parametric
families of interest-rate rules, for instance rules of type i; = am; or iy = aFy {m;11} that make the
locally linearised system have two non-predetermined variables whatever a € R; but it ceases to be
one for slightly more general parametric families of interest-rate rules, as shown e.g. by Woodford
(2003, chap. 4), even though these rules do not affect the number of non-predetermined variables
of the locally linearised system; and it is definitely not one for parametric families of interest-rate
rules general enough to include rules (9) that remove all non-predetermined variables from the

locally linearised system.

2.3 Related literature

This subsection briefly reviews the literature on how monetary policy can eliminate type-B equi-
libria and positions our paper within this literature.

The literature has mostly proposed two-tier monetary policies to eliminate type-B equilibria,
in the spirit of Obstfeld and Rogoft’s (1983) fractional-backing proposal to rule out speculative
hyperinflations. These two-tier monetary policies, advocated most notably by Benhabib, Schmitt-
Grohé and Uribe (2002a, 2002b, 2003), Christiano and Rostagno (2001) and Woodford (2003,
chap. 2), consist in switching from an interest-rate rule eliminating type-A equilibria to another
rule such as a money growth rate peg (possibly accompanied by a non-Ricardian fiscal policy)
when the endogenous variables go outside a specified neighbourhood of the targeted steady state.
However, as argued by Green (2005) and Cochrane (2006), one drawback of these two-tier policies
is that their credibility, and consequently their effectiveness in eliminating type-B equilibria, cannot
be taken for granted, in particular because they are typically aggressive out of equilibrium when
the endogenous variables go off track. Given that they are immune from this drawback, since they
act while the endogenous variables are still in the neighbourhood of the targeted steady state,
bubble-free interest-rate rules represent a particularly interesting alternative or complement to
these two-tier policies.

To our knowledge, only four papers make other monetary policy proposals enabling the central
bank to eliminate type-B equilibria. First, Currie and Levine (1993, chap. 4) design “overstable

feedback rules” that remove all unstable eigenvalues from linear systems without affecting the

exist if, for instance, a term aE} {x+41} were artificially added to the right-hand side of (7), leaving (6) unchanged,
provided that a # g so as to satisfy assumption 1.iii.
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number of non-predetermined variables. Applied to locally linearised systems, these rules would
eliminate type-B equilibria but would fail to eliminate type-A equilibria. Second, Antinolfi, Az-
ariadis and Bullard (2006) propose, in a particular framework, interest-rate rules that similarly
eliminate type-B equilibria but fail to eliminate type-A equilibria. Third, Benhabib, Schmitt-Grohé
and Uribe (2003) propose, in a specific model, an interest-rate rule which they show eliminates all
type-A equilibria and some (but perhaps not all) type-B equilibria. Fourth, Ad&o, Correia and
Teles (2005) design monetary policy rules ensuring global equilibrium determinacy in a simple non-
linear cash-in-advance model. Although these rules are global and non-linear, and although their
working mechanism is presented in a very different way (with emphasis laid on finite vs. infinite
model horizon), this working mechanism could be considered similar to that of our bubble-free

interest-rate rules in a particular, simple case®.

3 Forward- and backward-looking interest-rate rules

This section uses both the results and the methods of the previous section to shed some new
light on the answers to the following two questions: should the interest-rate rule be forward- or
backward-looking in order to ensure equilibrium determinacy? And how much forward-looking

should a forward-looking interest-rate rule be in order to ensure equilibrium determinacy?

3.1 Forward-looking vs. backward-looking rules

This subsection deals more specifically with the question whether the interest-rate rule should be
forward- or backward-looking to ensure equilibrium determinacy. Let us first define the concepts

of forward-looking and backward-looking rules:

Definition 3 (forward- and backward-looking rules): a policy feedback rule of type (2) is
said to be forward-looking when m? > 1 and 3k € {1,...,mf}, F. # 0, and backward-looking

otherwise.

On the one hand, if m$ > m}, then rules of type (4) satisfying conditions 1 to 5 are forward-
looking. Propositions 1 and 2 therefore imply that, when m$ > m}, there exists a forward-looking
interest-rate rule that is consistent with the targeted equilibrium and eliminates both type-A and
-B equilibria. This result matters because the condition m$ > m} is typically met by rational-
expectations DSGE models encompassed within our general specification, in particular because

their structural equations typically include an Euler equation.

8The two works were conducted independently from each other. The first versions of the present paper go back
to Loisel (2003, 2004).
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On the other hand, whether m¢ > m& or not, there exists a backward-looking interest-rate
rule that is consistent with the targeted equilibrium and eliminates both type-A and -B equilibria.

Indeed, let us consider the following proposition:

Proposition 3: for any ;€ R\ [0;1] and any sequence {Yy, z},c, of type (3) that satisfies (1),
there exists a rule of type (2) that is backward-looking and such that the system made of (1) and this
rule: i) admits {Yy, 2t },cq as its unique stationary solution; ii) has at most T non-predetermined

variables; and iii) has no eigenvalue whose modulus is between 1 and p.
Proof: ¢f appendix C. B

Technically speaking, appendix C largely draws on appendix B as it uses the generalized identity
of Bezout and the Euclidian division to choose F (L) with my = 0 and G (L) such that: i) the
system made of (1) and (2) admits one unique stationary solution and has no eigenvalue whose
modulus is between 1 and p, and ii) the eigenvalues of I —S (L) are also eigenvalues of this system;
and Cramer’s rule to residually choose H (L) such that the unique local solution of this system
coincides with the targeted stationary VARMA process (3).

For any p € R*\ [0;1], let us note (R,,) the rule whose existence is stated in proposition 3. Let
us consider a given g € R* \ [0;1]. Since the system made of (1) and (R,) admits the targeted
equilibrium as its unique stationary solution and has at most 7 non-predetermined variables, and
since n includes all the possible realizations of the endogenous variables at the targeted equilibrium,
any candidate type-B equilibrium needs to involve, in its locally linearised analytical expression,
at least one unstable eigenvalue of the system in order to leave n while remaining in 9% for at least
7 more periods. However, for u large enough, all the unstable eigenvalues of the system have too
large a modulus for any candidate type-B equilibrium to remain in 0 for at least 7 periods after
leaving n. Therefore, provided that p is large enough, (R,,) eliminates all type-B equilibria. As a
consequence, proposition 3 implies that there exists a backward-looking interest-rate rule that is
consistent with the targeted equilibrium and eliminates both type-A and -B equilibria.

When m¢ > m?, to sum up, there exist both a forward-looking (bubble-free) interest-rate rule
and a backward-looking interest-rate rule that are consistent with the targeted equilibrium and
eliminate all type-A and -B equilibria. The next proposition suggests one reason to prefer the

forward-looking rule to the backward-looking one in this case:

Proposition 4: if m$ > m} then, for any n € N and M € R*, there exists p € R\ [0;1] such
that there exists no backward-looking rule of type (2) such that: i) n < mn and n9 < n; ii) go is

normalized to one and all the other coefficients of this rule are of modulus lower than M ; and iii)
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the system made of (1) and this rule admits a unique stationary solution and has no eigenvalue

whose modulus is between 1 and p.
Proof: ¢f appendix D. B

In this proposition, n and M represent how much “long-tailed” and aggressive respectively the
policy-maker is prepared to choose her rule. She may want to restrict her choice in such a way
because, if chosen beyond these limits, the rule would be too complex or, by magnifying her data-
measurement errors, would generate too much macroeconomic volatility. Proposition 4 therefore
suggests that, when m$ > m}, if the u whose existence is stated in this proposition is lower than the
lowest p required to eliminate all trajectories gradually leaving the neighbourhood of the targeted
steady state, then there exists no backward-looking rule that: i) eliminates both type-A and -B
equilibria; and ii) is sufficiently short-tailed and non-aggressive. By contrast, proposition 1 implies
that, when m¢ > m?, provided that n and M are large enough, whatever the lowest u required to
eliminate all trajectories gradually leaving the neighbourhood of the targeted steady state, there
exists a forward-looking rule that: i) eliminates both type-A and -B equilibria; and ii) is sufficiently

short-tailed and non-aggressive.

3.2 Related literature

This subsection briefly reviews two closely related strands of the literature and positions our paper
within each of these strands.

The first strand of the literature deals with the issue of whether the interest-rate rule should
be forward- or backward-looking in order to eliminate type-A equilibria. This strand of the lit-
erature has usually come in favour of the use of a backward-looking rule. For instance, Bernanke
and Woodford (1997) show that some commonly considered forward-looking rules lead to type-A
equilibria in the New Keynesian model and therefore warn against following forward-looking rules
without first developing a structural model of the economy. Carlstrom and Fuerst (2000, 2002,
2005) similarly show that some commonly considered forward-looking rules lead to type-A equilib-
ria in various models, contrary to some commonly considered backward-looking rules, and therefore
advocate the use of backward-looking rules. However, this strand of the literature usually restricts
its analysis to specific models and, in particular, to specific low-dimensional parametric families of
rules (typically Taylor-type rules). We thus generalize the results obtained by this strand of the
literature by showing that not only type-A equilibria, but also type-B equilibria can be eliminated
by a backward-looking rule in all models of the broad class considered and by a forward-looking

rule in most of these models.
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The second strand of the literature focuses on the issue of how much forward-looking a forward-
looking interest-rate rule should be in order to eliminate type-A equilibria. Batini and Pearlman
(2002), Batini, Levine and Pearlman (2004), Batini, Justiniano, Levine and Pearlman (2006) and
Leitemo (2006) consider interest-rate rules of type i; = o+ Bis_1 + VB {mi19} with (o, 3,7) € R3
and 6 € N, where 7; and 7; respectively denote the short-term nominal interest rate and the in-
flation rate at date ¢, and find that the more forward-looking the interest-rate rule or equivalently
the more distant the forecast horizon (i.e. the higher #), the higher the risks of type-A equilib-
ria or macroeconomic instability — the latter arising when the locally linearised system admits
more unstable eigenvalues than required by Blanchard and Kahn’s (1980) conditions’. Worryingly
enough, these risks often materialise for the one- to two-year forecast horizons typically adopted by
inflation-targeting central banks. Similarly, Giannoni and Woodford (2003) show, in some simple
models, that interest-rate rules that eliminate type-A equilibria, are consistent with the targeted
equilibrium and are independent of the statistical properties of the exogenous shocks can be found
that are only modestly (if at all) forward-looking, that is to say that the forward-looking part
of these rules mainly features current expectations of only one- or two-quarter ahead endogenous
variables. They point out that this result provides little support for monetary policies that make
the current short-term nominal interest rate respond primarily to one- to two-year-ahead inflation
forecasts, such as those of inflation-targeting central banks. Interestingly, our requirement that
interest-rate rules should eliminate both type-A and -B equilibria and be consistent with the tar-
geted equilibrium leads to a similar result (though for a different reason) in those of their models
that are encompassed within our specification, namely the result that the forward-looking part of

interest-rate rules can be limited to only one-quarter-ahead forecasts.

4 Robustness of bubble-free interest-rate rules

This section discusses the robustness of the effectiveness of bubble-free interest-rate rules to de-
partures from three assumptions in turn: i) that the policy-maker has perfect knowledge of the
structural parameters; ii) that the private agents form rational expectations; iii) that the policy-

maker can credibly commit to locally following a given interest-rate rule.

9Levin, Wieland and Williams (2003) obtain a similar result while considering a slightly more general fam-
ily of interest-rate rules. Technically speaking, this result can be interpreted as follows: the choice of a more
forward-looking interest-rate rule (i.e. of a higher ) is most likely to increase the number of eigenvalues and non-
predetermined variables of the locally linearised system and hence the risk that no (8,) exists such that Blanchard
and Kahn’s (1980) condition is satisfied. By contrast, the Calvo-type interest-rate rules put forward by Levine,

McAdam and Pearlman (2007), of the kind 4 = a+ Bit—1 +vE: {Z;:‘:X(’) gpkwt+k} with (o, 8,7) € R3 and ¢ € ]0;1],

manage to be infinitely forward-looking while making the locally linearised system have a finite (and possibly even
small) number of eigenvalues and non-predetermined variables, which might well explain why these rules are much
more successful in eliminating type-A equilibria.
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4.1 Policy-maker’s imperfect knowledge

This subsection examines the sensitivity of propositions 1 and 2 to the assumption that the policy-
maker has perfect knowledge of the structural parameters, i.e. the coefficients featuring in the
structural equations (1). This robustness analysis is particularly welcome as some of the coefficients
of rules (4) are tightly tied to the structural parameters by equality constraints. By contrast, all the
coefficients of interest-rate rules ensuring only local equilibrium determinacy are more loosely tied
to the structural parameters by inequality constraints, as exemplified by the well-known Taylor
principle or by Rotemberg and Woodford’s (1999) “superinertia principle” (generalized by Giannoni
and Woodford, 2002, and Woodford, 2003, chap. 8).
Let us first define the metric d by

<X1 (L), X (L)> = <kax Xy kL, Zk):—mm XQ,kLk>

(N1><N2) (N1 ><N2)

— d (Xq (L), Xz (L)) sup [ max < max |e’1’i (X1 — Xok) eg’j‘>:| ,

—mr<k<ne [1<iSN1 \1<j<No

where (m®,n%) € NQ, (N1, N2) € N*2) all X, Xa have real numbers as elements and, for
he{l,2} and I € {1,..., N},}, ep; is the Nj-element vector whose I*" element is equal to one and
whose other elements are equal to zero. Let us then consider a rule of type (4) satisfying conditions
1 to 5, noted (R), which is consistent with the targeted local equilibrium of type (3) satisfying (1).
Let us also rewrite this targeted equilibrium as

{ Zt } =X (L)e; with X (L) EZ+: X.L*, (10)

¢ ((N+1)xN) -

where all Xj, have real numbers as elements. Lastly, let (E) denote the rule corresponding to
the expression (4) of rule (R) where some exogenous measurement errors, each of them randomly
drawn from a continuous probability distribution supported on a bounded interval including zero'?,
are added to the elements of A for —m® < k < n®, By, for —m? < k < nb, C;, for 0 < k < n® and
todjp for1 <i < Nand0<k < n?, and let ¢ denote the maximal length of the distribution-

supporting intervals. We get the following proposition:

Proposition 5: (i) 3y € R* \ [0;1] such that, first, for € close enough to 0, with probability
one, the system made of (1) and (E) admits a unique stationary solution and has at most T
non-predetermined variables and no eigenvalue whose modulus is between 1 and p and, second,
u— +oo as € — 0; (ii) noting

400

[ Yi } =X (L)e; with X(L) =%~ XuLF, (11)

Zt

((N+1)xN) k=

10This continuous-probability-distribution assumption enables us to disregard degenerate cases as they are of
measure zero.
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where all )~(;€ have real numbers as elements, the unique stationary solution (with probability one)
of the system made of (1) and (R) for € close enough to 0, we have: d(X (L),X (L)) — 0 as

e — 0.
Proof: ¢f appendix E. B

In other words, if the policy-maker’s knowledge of the structural parameters is sufficiently accurate,
then (E) ensures local equilibrium determinacy with probability one. Moreover, as the policy-
maker’s knowledge of the structural parameters becomes perfect, the unique local equilibrium
trajectory (with probability one) gets arbitrarily close to the targeted path for the endogenous
variables. Finally, if the policy-maker’s knowledge of the structural parameters is sufficiently
accurate, then (}Ni) also eliminates type-B equilibria by using the structural equations as a lever on
the private agents’ expectations (as made clear in appendix E) to make all equilibrium trajectories
leaving the neighbourhood of the targeted steady state do so too abruptly to qualify as type-B
equilibria. In short and loosely speaking, both propositions 1 and 2 hold asymptotically with
probability one. Therefore, the equality constraints tying some of the coefficients of bubble-free
rules to the structural parameters, thus making the policy-maker manoeuvre on a Wicksellian-type

razor’s edge, prove not as restrictive as they may seem at first sight.

4.2 Private agents’ myopic rational expectations

One way to relax the rational-expectations assumption is to suppose instead that the private agents
form myopic rational expectations, i.e. rational expectations up to a given finite horizon h € N*.
Interestingly, this alternative assumption may make the economy more bubble-prone!!, that is to
say in our context type-B equilibria more likely, under conventional interest-rate rules. By contrast,
bubble-free interest-rate rules would remain effective in eliminating both type-A and -B equilibria

provided that h > 7, as clear from proposition 1.

4.3 Policy-maker’s inability to commit

Instead of assuming that the policy-maker can credibly commit to forever following a policy feed-
back rule, suppose now more realistically that she can credibly commit only to following a policy
feedback rule during at most d periods, where d € N*. As clear from proposition 1, bubble-free
interest-rate rules then remain effective in eliminating both type-A and -B equilibria provided that
d>rT.

By contrast, under conventional interest-rate rules, not only type-B equilibria, but also inter-

estingly a third kind of non-targeted equilibria may then exist, which we call type-C equilibria.

1 This point was first made by Tirole (1982).
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Indeed, suppose that the central banker credibly commits at a given date ¢ to follow, during the
next d periods, an interest-rate rule that makes the locally linearised system have at least one
unstable eigenvalue. If the economy started to embark, during these d periods, on a path leaving
the neighbourhood of the targeted steady state, then the stability-concerned central banker would
change its interest-rate rule at some date after ¢ +d in order to keep the variables within this neigh-
bourhood or to bring them back into this neighbourhood, because she would find it both possible
and desirable. Though initially diverging, the resulting boom-and-bust path remains bounded, and
even local if the triggered interest-rate-rule adjustment occurs before the linear approximation of
the structural equations becomes invalid. As a consequence, when the original non-linear model
features infinitely-lived utility-maximizing private agents, this path does not violate the transvers-
ality condition typically required and hence typically qualifies as an equilibrium of this model. This
“stabilization of last resort” raises a moral hazard problem since private agents, rightly expecting
this reaction from the central banker, can settle on an initially diverging path even in the case
where this path would not be an equilibrium if the central banker were compelled to stick forever
to its interest-rate rule. In other words, these type-C equilibria, which the existing literature has

so far ignored, can exist even when type-B equilibria do not'2.

Conclusion

This paper aims to give a new insight into the design of interest-rate rules in a broad class of
rational-expectations DSGE models. The literature has so far mostly focused on particular kinds
of interest-rate rules that preclude unintended fluctuations around the targeted steady state (type-
A equilibria), e.g. Taylor rules satisfying the Taylor principle. However, as first acknowledged
by Benhabib, Schmitt-Grohé and Uribe (2001a), such rules do not prevent the economy from
embarking on a path gradually leaving the neighbourhood of the targeted steady state and leading
for instance to the liquidity trap (type-B equilibria). By contrast, the bubble-free interest-rate rules
put forward in this paper manage to eliminate both types of equilibria, even when the perfect-
information, rational-expectations and forever-commitment assumptions are slightly relaxed.
Obviously, bubble-free interest-rate rules make sense only insofar as the behaviour of private
agents is at least partly forward-looking, since equilibrium indeterminacy would not be an issue
otherwise. But most, if not all rational-expectations DSGE models based on explicit microeco-

nomic foundations imply such a forward-looking behaviour for the private agents'?, which has led

12 A parallel could be drawn between this escape-clause approach to interest-rate rules and the escape-clause
approach to fixed exchange rate systems (i.e. the second-generation models of currency crises).

13Such a forward-looking behaviour is even less disputed for participants in asset markets than for private agents
in macroeconomic models. Loisel (2006) therefore discusses the role that bubble-free interest-rate rules could play
in a monetary policy reaction to perceived asset-price bubbles or exchange-rate misalignments.
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Woodford (2003, chap. 1) to view the essence of central banking as the management of expecta-
tions. However, this now conventional view does not go as far as arguing that central banks should
react to private agents’ expectations through a forward-looking interest-rate rule: for instance,
Bernanke and Woodford (1997) have famously warned against following forward-looking interest-
rate rules without first developing a structural model of the economy. In this paper, we thus carry
this view further still by arguing for the use of forward-looking (bubble-free) interest-rate rules on

the basis of a broad class of structural models of the economy.
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Appendix

For any system of equations (5), let E; {(S)} denote the system obtained by applying operator E;
on both the left- and the right-hand sides of each equation of (S). For any polynomial H (X) €
R [X], let d3; denote the degree of H (X). Let |.| denote the determinant operator. Lastly, for any
scalar A\, any non-zero integers n and p and any n x p matrix K, let AK denote the product of the
n x n matrix whose diagonal elements are all equal to A and whose non-diagonal elements are all
equal to 0 by matrix K, and let K\ denote the product of matrix K by the p x p matrix whose
diagonal elements are all equal to A and whose non-diagonal elements are all equal to 0 (note that

AK = K)\).

A Proof of proposition 1

Consider a given ¢ € Z and suppose that L*(1) and L¥(4) hold for all k
Z,ﬁiQ m¢. The substraction of €] (1) from FE, {L*mll) (4)} leads to equation (

> —max [m‘f,ml{] -
>
1):
N i a a
S el [A(L)Y, + B (L) 2+ C (L)€ + L™ O (L)D (L) gt]
T

+LES P(L)Y, +Q(L) 2+ R(L)D(L)g] =0. (1)

Similarly, Vk € {2,..., N}, equation (?) can be derived from equation (k — 1) by substracting
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e, (1) from E; {L’mZ (/?ff)}

S LT [A(L)Y, + B (L)% + C (L)€, + L™ O(L)D (L) €]

+ L= P (D) Y+ QD)+ R(DD (L)) =0 (k)

and in particular

-
P (L)Y, +Q(L) 2+ R(L)D (L)€, =0, (V)
o« — —_ —
Vk € {2, ..., N}, the substraction of L™ (k) from (k — 1) leads to equation (& ):
a —
e [L7F[A(L) Y, +B (L)% + C(L)€]+ O (L)D(L)&] =0. ()
Equations N and ? for k € {2,..., N} together can be re-written as follows:
UL)Y:+V (L)% +W(L)§ =0 (12)
P (L) Q (L)
e, A (L) o e, LB (L) n?
with U(L) = | . =" vk va=| =3 L ViLE
(NxN) : k=0 (Nx1) : k=max[0,m —m}+1]
eyA (L) ey L"VB (L)
R (L)D (L)
e, [L™2C (L) + O (L)D (L) w
due to assumption 2.iii and W (L)= 2| . ] = Z:—o W, LF,

(NXxN) :
ey [L™~C (L) + O (L)D(L)]

where (n%,n%,n*) € N® and all Uy, Vi, Wy have real numbers as elements. Since U (0) = ©

is invertible, (12) can be used to express Y; as a function of Y;_;_g, 2 _j and

t—max|0,m¢ —m}+1]
&, for k > 0. If m$ > m?, this expression can be used to sequentially replace E; {Y;;} for
j € {0,...,m§ —mb} in (4) and thus get z; as a function of Y, _1_j, 21 and &,_,, for k > 0.
Alternatively, if m§ < m’{ then (4) directly expresses z; as a function of Y1 g, z;—1-x and &,_,
for k > 0. In both cases, the system thus obtained, made of this equation for z; and (12) for Yy,
is backward-looking and non-degenerate and hence uniquely determines Y; and z; as a function of
Y: 1k, 211 and &,_, for k > 0. This system, noted (S), and the systems L*(S) for all k > 1
that can be similarly obtained, then uniquely determine Y;_; and z;,_; for j € N as a function of
& _j_i for K > 0. Given that the system made of LE(S) for all k > 0 is implied by the system
made of L¥(1) and L*(4) for all k > —7, the latter admits either zero or one unique solution for
{Yij, 20— }jeN' Finally, given that the system made of L*(S) for all k € Z admits one unique
solution for {Y; &, 2 r},c;, and, as can be readily checked (using notably assumption 2.ii), is
equivalent to the system made of L*(1) and L¥(4) for all k € Z, we conclude that the system made
of L¥(1) and L¥(4) for all k > —7 admits one unique solution for {Y;_;, z;—; }jen- This solution is
stationary because the eigenvalues of the system made of L*(1) and L*(4) for all k € Z are those

of (5) which, given condition 4, are stable.
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B  Proof of proposition 2

For the sake of expositional clarity, we omit the expression “for all ¢ € Z” throughout this appendix.
We prove proposition 2 by showing that, for any (3) satisfying (1), there exist O (L), P (L), @ (L)
and R (L) satisfying conditions 1 to 5 and such that (3) implies (1) and (4) and therefore, following
proposition 1, such that (3) is the unique solution of the system made of (1) and (4). To that aim,
suppose that a given (3) holds that satisfies (1).

Step 1: then, (1) holds as well. Moreover, there exists O (L) satisfying condition 1 and such that

B, {et1mta (D) Y, o L™ B (L) ¢ [LmC(L)+0(L)D (1)
SGLMAL)Y: | e, LB (L) L4 | @MW +omLD@D] |, _q
e;VLm‘?vA (L)Y, e’NL’"";VB (L) ey [L™%C (L) 40 (L)D(L)]

(13)

Step 2: the generalized identity of Bezout implies that there exists (U (X),....Un+1 (X)) €
R [X]V such that
N+1
Yo Ui(X)A(X) =D (X). (14)

i=1
Let © (X) € R[X] denote the polynomial, defined up to a non-zero multiplicative scalar, which
has the same roots (whose modulus is strictly lower than one) with the same multiplicity as
the eigenvalues of the system I — S (L) corresponding to the autoregressive part of the targeted
stationary VARMA process (3). Let Z (X) € R[X] be a given polynomial that: i) has all its roots
of modulus strictly lower than one; and ii) is such that © (X) is a divisor of Z (X)D (X). Given

that assumption 1.iii implies the existence of I € {1,..., N} such that

ehA (0)

is invertible, let n € N be such that

n > 2da, —dp + max {maXN} (du,), duy,, +max (—l,m‘f — ml{) —dz.
ie{l,...,

Let Q(X) € R[X] and R (X) € R[X] be respectively the quotient and the remainder of the
Euclidian division of X"Z (X) by Aj (X), i.e. the unique polynomials such that X"Z (X) =
A (X)Q(X)+ R(X) with dg < da,. Multiplying the left-hand side and the right-hand side of
(14) by R (X), we obtain

and therefore

N+1
ZZ;} [R(X)U; (X)] Ay (X) + [R(X)Ur (X)+Q(X)D(X)]Ar(X)=X"Z(X)D(X).
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Let us note P; (X) = R(X)U; (X) for i € {1,....,N+1} ~ {I} and P;(X) = R(X)U; (X) +
Q(X)D(X). Given that

n > 2da, — dp + max [ {r{laxN} (du,) s duty,, +max (—1,m$ — mlf)} —dz
ie{1,...,

n = dAI + dQ —dz

dAI > dr

= dg +dp > dr + max [ {I{laXN} (du,) s duy,, +max (—1,m$ — ml{)}
1€ 1,...,

do +dp > dr + dy, dp, = do + dp
= { dotdp>dpt  max o (d) —{ dp, >dp, foric{l,.,N}~{I} |
I b) dp, > dpy_, +max (O,m‘f —m} + 1)

do + dp > dyy., +max (fl,m‘f —mj
the choice of
N .
P(L) =Y ()N L P (L) e and Q (L) = L7 Py (L)
satisfies conditions 2 and 3.
Step 3: the non-zero eigenvalues of (5) are those of the system
L™efA(L) | L™eiB(L)
. L™e,lA (L) | L™e\B (L)

(L) Ezk:_mw U, Lk = : : ,
((NFD)x(N+1)) Lk ely A (L) | Lmiely B (L)
P (L) | Q(L)

where (m?,n?) € N? and all ¥}, have real numbers as elements. If m} > m{ then m* = 0 and

0 . 0| eB_
e, A (0) 0
vy = : :
ey A (0) 0
Py | Q(0)

is invertible (since condition 2 is satisfied). Therefore, according to a standard matricial result of
time series analysis (¢f e.g. Hamilton, 1994, chap. 10, prop. 10.1), the eigenvalues of ¥ (L) are
the roots of polynomial ‘X n’ g (X *1)‘ € R[X]. Alternatively, if m} < m¢ then the eigenvalues
of W (L) are those of the system that is obtained by using the last N lines of ¥ (L) (given that
condition 2 is satisfied) to sequentially remove the terms in L* for k € {—mY,...,0} from the first
line of W (L). This system, noted A (L), is of the form ZZiO A LE where all A, have real numbers

as elements and

0 e 0| erB_e
ey A (0) 0
Ag =
e’y A (0) 0
Py | Q(0)



is invertible. Therefore, according to a standard matricial result of time series analysis (cf e.g.
Hamilton, 1994, chap. 10, prop. 10.1), the eigenvalues of A (L) — and hence those of ¥ (L) — are
the roots of polynomial ‘X"#)A (X1

, which is equal to polynomial ‘X”w\Il (X’l) ’ To sum up,
whether m% > m¢$ or mé < m¢, the non-zero eigenvalues of (5) are the non-zero roots of polynomial
‘X”w\Il (X1 ), that is to say those of

N —i - _

S EDYTTR (XY e A0 (X) + [Q (X T)] Awaa (X)
and hence, by construction of P (L) and @ (L), those of Z (X) D (X). By definition of Z (X) and
given assumption 3, all non-zero roots of Z (X)D (X) are of modulus strictly lower than one, so
that the P (L) and @ (L) constructed at step 2 satisfy condition 4.
Step 4: (3) implies that there exists a unique R (L)= }fi?) R, L*, where all Rj, have real numbers
(I1xN)

as elements, such that

PL)Y:+Q(L)z+R(L)er =0 (15)

where P (L) and Q (L) are the ones constructed at step 2. If m% > m¢ then multiplying both (15)
N
and (13) by D (L) = 1—[‘_1 D; (L) leads to

D(LYP (L)Y, +D(L)Q(L)z + D (L)R(L)e; = 0 and (16)
e/ L™A (L) e, L™B(L) e/ L™ C (L)
e ngA L e ngB L e/ ngc L
D (L) 2 () 2 () [Zt]+ 2 ()
ey L"VA (L) e\L™vB(L) ey L™~ C (L)
N
D 0 0
0 e+ D(L)O(L)e, =0 (17)
0

N-1

0 o0 Hi:1 D; (L)
since, as a scalar, D (L) is such that D (L) K = KD (L) for any matrix K. The system made of
(16) and (17) is backward-looking (since m¢ > m?%) and non-degenerate (since D (0) = |D (0)| # 0
and |Wg| # 0). Cramer’s rule then implies that there exist (ny,...,nx11) € NV with n; > da,

forie{l,...N+1}and Y, (L) = Z:O TLkLk, where n¥* € N and all Y have real numbers
((N+1)xN)
as elements, such that this system can be rewritten

D (L) L=+ 2 (L) D (L) [ Zt } .
LmA; (LY R(L) e,
Y (L)e, + D (L) : (18)
L7LN+1AN+1 (L_l) R (L) €t
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given step 3. But Cramer’s rule also implies that there exists Yo (L) = Z:QO T27kLk, where

((N+1)xN)
n%? € N and all Y5 have real numbers as elements, such that the targeted stationary VARMA
process (3) can be rewritten

L%e (L7 [ Zt ] =Yz (L)ey,

which implies

Y] _ oy L2 D)
2t } =D Lie® (L1

D(L) L=tz (L") D (L71) { Yy (L) e (19)

dz+d -1 -1
2 ;f@(g(X,)i(X ) € R[X] by definition of Z (X). Given that Ayi1(X) # 0 due to

assumption 1.iii, the identification of (18) with (19) shows that In" € N, Vk > n", Ry, = 0, so that

where

R (L) satisfies condition 5. Alternatively, if m% < m¢ then a similar reasoning (based on A (L)
instead of W (L), along the lines of step 3) shows that R (L) satisfies condition 5 again. To sum
up, whether m% > m¢ or m} < m¢, there exists R (L) satisfying condition 5 and such that (15)
holds. Finally, steps 1 to 4 together imply that (1) holds and that there exist O (L), P (L), Q (L)
and R (L) satisfying conditions 1 to 5 and such that (4) holds. Following proposition 1, we then
conclude that (3) is the unique solution of the system made of (1) and (4).

C Proof of proposition 3

Let p € RY\ [0;1]. If m¢ < m? then, given propositions 1 and 2, there exists a rule of type (4)
that: i) satisfies conditions 1 to 5; ii) is backward-looking; iii) ensures the local determinacy of
the given sequence of type (3) satisfying (1); and iv) is such that the system made of (1) and
this rule has no non-predetermined variables and no eigenvalue whose modulus is between 1 and
. The remaining of the proof therefore deals with the case where m¢ > m%. We proceed in four
steps: first, we show that (1) together with a backward-looking rule of type (2) can be written in
Blanchard and Kahn’s (1980) form with 7 non-predetermined variables; second, we construct some
particular F (L) and G (L) such that ms = 0, so that whatever H (L) the corresponding rule (2) is
backward-looking; third, we show that whatever H (L) the system made of (1) and this rule admits
at most one stationary solution and has no eigenvalue whose modulus is between 1 and p; fourth,
we show that a suitable choice of H (L) makes this system admit exactly one stationary solution
and makes this solution coincide with the targeted stationary VARMA process (3). Note that steps
2 to 4 of this appendix largely draw on steps 2 to 4 of appendix B, with F (L), G (L), E (L) and
H (L) playing respectively the roles of P (L), @ (L), R(L) and R (L) D (L). In particular, we use
in this appendix the polynomials i; (X) for ¢ € {1,..., N + 1} and © (X) introduced in appendix
B.
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Step 1: consider a system (S) of type (1) and a backward-looking rule (R) of type (2). Let us
rewrite (S) step by step and keep for simplicity the same notation (S) at each step. Re-order the
lines of () so that m§ > ... > m%. Let K € {1,..., N} and {i1,...,ix} € {1, ..., N} be such that
ik

Y, and accordingly the columns of A (L) so that Vi € {1,..., N — 1}, the (N —4) x (N — ¢) matrix

a — a a — — a a — — — a
mi=..=m§ >mf ;=..=mf >..>mi . =..=m =mg. Re-order the elements of

noted M; obtained by removing the first ¢ lines and the first ¢ columns from A (0) is invertible,

this re-ordering being made possible by assumption 1.iii. Replace €} (S) by

e;;&(O)ilEt 0 L2 —my .. . (S)
: 0
0 . 0 Lm“N—m‘f

for i € {1,...,41}. If K =1 then replace sequentially E; {szgl,k} for k € {1, ...,m?l} (if they
appear) in (S) by their expressions in E; {kamgi (ﬁ)} The resulting system (.5) is equivalent

~

to the original one and together with (R) can easily be written in Blanchard and Kahn’s (1980)
form with iymy{, = 211 m{ = m non-predetermined variables. Otherwise (i.e. if K > 2), let us
set k = 1. Replace Ej {szgl_k} (if it appears) in €} (S) for ¢ € {1,...,i1} by its expression in
E, {kamgi (E)} Then, replace E; {e;Yngl,k} for i € {i1 +1,..., N} (if they appear) in €} (S)

for i € {1,...,i1} by their expression in

0 0 - Q] mismiitk g L. 0
I . L)

: - 0 : . - 0

0o --- 0 0 0 .0 LMmE—mitk

If m{ > m{ + 1 then repeat these last two steps sequentially for k € {2, ., m¥

¢ —mg }. Proceed
in a similar way as previously to transform e} (S) for i € {i1 +1,...,i2}, then (if K > 3) €} (S)
for i € {io +1,...,33} and so on up to €} (S) for i € {ix_1+1,...,ix}. The final system (S5) is

~

equivalent to the initial one and together with (R) can easily be written in Blanchard and Kahn’s

K N
(1980) form with E . iyme = E - m¢ = m non-predetermined variables. Note finally that
Jj= J 1=

this number m of non-predetermined variables does not depend on the particular backward-looking
rule (R) of type (2) considered and, since m¢ > m?, is equal to .

Step 2: let Z (X) € R[X] be a given polynomial that: i) has exactly m roots (taking into account
their multiplicity) whose modulus is strictly higher than p; ii) has no root whose modulus is
between 1 and y; and iii) is such that © (X) is a divisor of Z (X) D (X). Let n € N be such that

n > QdAN-H —dp + ie{ln.?.a‘]}\(f-&-l} (du7) —dz.
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Let Q(X) € R[X] and R(X) € R[X] be respectively the quotient and the remainder of the
Euclidian division of X" Z (X) by An41 (X), é.e. the unique polynomials such that X" Z (X) =
Ani1(X) Q(X) + R (X) with dr < day,,. Multiplying the left-hand side and the right-hand
side of (14) by R (X)), we obtain

and therefore
N
Zi:l [R(X)U; (X)] A (X)+ [R(X)Un11 (X)+ Q(X)D(X)]Anv11 (X)) =X"Z(X)D(X).
Let us note F; (X) = R (X)U; (X) fori € {1,....N}and G (X) =R (X)Un+1 (X)+Q(X)D (X).
The choice of F (L)e; = (~1)N*'" L4 7, (L71) for i € {1,..,N} and G(L) = L%G (L) is
admissible as it satisfies the requirements G (X) € R[X] and gg # 0. Moreover, we have

n > 2dAN+1 —dp + ie{l{?%l}\(/-&-l} (d?/li) —dz
n=day,, +do—dz = dgo+dp >dr + max (du,)

i€{L,....N+1}
dAN+1 > dr
do +dp > dr +dyy,, )
=\ do+dp >dr + {max }(dui) = dg =dg+dp >dF, foriec{l,..,N},
i€{l,....N

so that the F (L) constructed at step 2 is such that Vi € {1,..., N}, F (X)e; € R[X], in other words

my =0, i.e. any rule (2) with the F (L) and G (L) constructed at step 2 is backward-looking.
Step 3: the non-zero eigenvalues of the system made of (1) and any rule (2) with the F (L) and

G (L) constructed at step 2 are those of the corresponding perfect-foresight deterministic system

L™ie\B (L)
(L) { Ye } =0 where ¥ (L) zz W, Lk = A (L) o ,
=t (N+1)x(N+1)) =0 | Lmve/ B (L)
F (L) G (L)

n¥ € N and all ¥; have real numbers as elements. Given that m¢ > m}, assumptions 1.iii and

2.iii together with gy # 0 make

0
o, — A (0) O
FO) |ag

invertible, so that according to a standard matricial result of time series analysis (¢f e.g. Hamilton,
1994, chap. 10, prop. 10.1) this system’s eigenvalues are the roots of polynomial ‘X”i/)‘ll (Xfl)’ €
R [X]. As a consequence, the system’s non-zero eigenvalues are the non-zero roots of

N

Zi:l {(_I)Nﬂ_i F(x) ez} A (X)+ [G(X)] Ansr (X)
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and hence, by construction of F (L) and G (L), the non-zero roots of Z (X) D (X). By definition of
Z (X) and given assumption 3, Z (X) D (X) has no root whose modulus is between 1 and u, and
exactly m roots whose modulus is strictly higher than p. Given step 1, this implies that the system
made of (1) and any rule (2) with the F (L) and G (L) constructed at step 2 admits either one
or zero stationary solution, depending on whether Blanchard and Kahn’s (1980) rank condition is
satisfied or not, and has no eigenvalue whose modulus is between 1 and .

Step 4: if the targeted stationary VARMA process (3) holds for ¢t € Z, then: i) there exists a

unique 2 (L)= EZOZ E,LF, where all E have real numbers as elements, such that
(I1xN)

where F (L) and G (L) are the ones constructed at step 2; and ii) there exists a unique

ml—l Hl kLk

m2 IH Lk
(L) = S
(NXN) :

1
mN HN kLk

where all II; ;, have real numbers as elements, such that

L™e\B (L) L™ie,C (L)
- . Y )
ao | U e e
L™~ve)\B (L) L™~el C (L)
Multiplying both (20) and (21) by D H _D; (L) leads to
D(L)F(L)Y;+D(L)G(L) 2z + D (L)E(L)e; = 0 and (22)
L™ e\B (L) v L™ie,C (L)
D(L)| AL : { ., ] + :
Lm~xeyB (L) Lm~xelC (L)
N
Lhi@y o 0
0 e+ D(L)TI(L)e; = 0 (23)
0
N-1

0 o0 L, pin)
since, as a scalar, D (L) is such that D (L)K = KD (L) for any matrix K. The system made of
(22) and (23) is backward-looking (since m¢ > m?) and non-degenerate (since D (0) = [D (0)| # 0
and |¥o| # 0). Cramer’s rule then implies that there exist (ny,...,ny4+1) € NV with n; > da,

forie{l,..,N+1}and Y;(L) = ZZ:O Y1, L*, where n’t € N and all Y1 ; have real numbers
(N+1)xN)
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as elements, such that this system can be rewritten
D(L) L=tz (L~Y) D (L) Yol
2t
L™ A (L‘l) =E(L)e;
Y1 (L)e; + D(L) : (24)
LnN'HAN_;,_l (Lil) = (L) Et
given step 3. But Cramer’s rule also implies that there exists Y5 (L) EZZZZO Yo LF, where

((N+1)xN)
n“? € N and all Y5 have real numbers as elements, such that the targeted stationary VARMA

process (3) can be rewritten

Lo (L7 [ Yi ] =Yy (L)ey,

2t
which implies

Liztdo Z (L) D (L)
Lie© (L)

Y,

Zt

D(L) L=tz (L) D (L7Y) { } =D (L) Y (L)e (25)

dz+d —1 —1
= ;ja((;‘(x,)?}x ) ¢ R[X] by definition of Z (X). Given that Ay (X) # 0 due to
assumption 1.iii, the identification of (24) with (25) shows that In® € N, Vk > n¢, E; = 0.
The choice of H(L) = E(L) D (L) is therefore admissible. We have thus shown that, for any (3)
satisfying (1), there exist F (L), G (L) and H (L) with my = 0 such that: i) (3) implies (1) and

where

(2); and ii) the system made of (1) and (2) admits at most one stationary solution and has 7
non-predetermined variables and no eigenvalue whose modulus is between 1 and p. Since there

exists at least one (3) satisfying (1), due to assumption 3, proposition 3 follows.

D Proof of proposition 4

Suppose m{ > m! and consider some given n € N and M € R*. Let us note Sp,m the set of
backward-looking rules of type (2) such that nf <n, n9 <n, go = 1, all g for k € {1,...,n9} (if
n9 > 1) and all elements of Fy, for k € {0, ey nf} have an absolute value lower than M. Whatever
the rule belonging to S, s considered, the non-zero eigenvalues of the system made of (1) and this

rule are those of the corresponding perfect-foresight deterministic system

0
nw N :

¥ (L) [ M } =0where ¥(L) =Y WLfwith®,=| A0 r
#t (N+1)x (N+1)) k=0 0
Fo | 90

n¥ € N, all ¥, have real numbers as elements and the zero elements in the last column of ¥
come from assumptions m$ > m? and 2.iii. Assumption 1.iii and the normalization gy = 1

make ¥q invertible, so that according to a standard matricial result of time series analysis (cf
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e.g. Hamilton, 1994, chap. 10, prop. 10.1) this system’s eigenvalues are the roots of polynomial
d(X) = ‘X"w\Il (X_l)‘ € R[X]. Three results are then easily obtained: i) the coefficient |¥q| =
’K (0)’ go = ’K (0)’ of X(N+Dn" i ¢ (X) is non-zero and independent of the rule belonging to
Sp.m considered; ii) there exists n’ € N such that, whatever the rule belonging to S, ps considered,
the degree (N + 1) n¥ of ® (X) is lower than n'; iii) partly as a consequence of the second result,
there exists M’ € R* such that, whatever the rule belonging to S,, as considered, all the coefficients
of ® (X) have an absolute value lower than M’. These three results together imply that there exists
w € RY\ [0;1] such that, whatever the rule belonging to S, s considered, all the roots of ® (X)
have an absolute value lower than p and, therefore, all the eigenvalues of the system made of
(1) and this rule have a modulus lower than p. However, given assumptions 1 and 2 and since
m¢ > mb, whatever the rule belonging to Sy, m considered, the system made of (1) and this rule
has at least one non-predetermined variable. As a consequence, there exists no rule belonging to
Sy, v and such that the system made of (1) and this rule admits a unique stationary solution and

has no eigenvalue whose modulus is between 1 and p.

E Proof of proposition 5

We proceed in three steps: first, we show that, with probability one, the system made of (1) and (R)
can be written in Blanchard and Kahn’s (1980) form with at most 7 non-predetermined variables;
second, we show that this system admits a unique stationary solution and has no eigenvalue whose
modulus is between 1 and p, with o — 400 as £ — 0; third, we show that d(X (L), X (L)) — 0
as e — 0.

Step 1: consider a given system (S) of type (1). Replace E; {zH_mz{} in € (9) by its expression
in Ey {L*m? (]3;)}, if m$ < mY, in which case (E) is backward-looking, then replace sequentially
E, {Zt+m*;7k} for k € {1, ymb — m‘f} (if they appear) in the resulting equation by their expres-
sions in E; {Lk_mg (ﬁ)}, note (E) the resulting equation. Consider

e’(?g') = oL
S=¢ . and A(L) = : A (L)
ey () e LT

where A (L) is defined by writing (S) in the form E; {;‘; (L)Y, + B (L) zt} +C(L)&, = 0. Given
that the probability distributions of the exogenous additive measurement errors are assumed to

be continuous, A (0) is invertible with probability one'*. Rewrite then (S) in a similar way as in

step 1 of appendix C, with (S), A (L), A (0) and (R) playing the roles of (), A (L), A (0) and

(R) respectively. If m¢ < m? then this rewriting enables us to put the system made of (S) and

141n the remaining of the proof, for simplicity, we may sometimes drop the expression “with probability one”.
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(R) in Blanchard and Kahn’s (1980) form since (R) is backward-looking and since m% > m? for

i € Ip ~ {1} due to assumption 2.iii. Alternatively, if m¢ > m? then this rewriting also enables us

to put the system made of (S) and (R) in Blanchard and Kahn’s (1980) form, even though (R) is
forward-looking, because m% —m? > m¢ —m} for i € Iz~ {1} due to assumption 2.iii and because
the only variable of type F;{z:+x} with & € N appearing in the system made of the rewritten
system (S) and (R) is 2 in (R). In both cases the number of non-predetermined variables is equal

N ~ -
to m= m?. Since the system made of (S) and (R) is equivalent to the system made of (S
> v q v

and (R), we have thus shown that, with probability one, the system made of (S) and (R) can be
written in Blanchard and Kahn’s (1980) form with m non-predetermined variables. Note finally
that m < 7.

Step 2: for any system or equation (z), let (Z) denote the perfect-foresight deterministic form of
(). The same reasoning as the one conducted at the beginning of appendix AA/7 this time starting

from (E) instead of (T) and using (R) instead of (R), leads to an equation (ﬁ)7 corresponding to

—

equation (ﬁ) in appendix A, such that (N) is of the form

~ ~ - . ~ _ n? ~ & ~ _ n ~ 1k
P(L)Y;+Q (L) 2 = 0 with E X(@_ Zk}m PiL* and Q (L) = Zk}mHmM[m%m?’ J aL”,

~

where (ni7 , nq) € N2, all 131@ have real numbers as elements, all gj are real numbers, f’_m = e’lg (0),

d(P(L),P (L)) — 0and d(Q (L), Q (L)) — 0 as e — 0. The non-zero eigenvalues of the system
made of (S) and (R) are those of the system made of (S) and (R) which in turn are those of the

system made of (g) and (ﬁ) The latter system can be rewritten

L™P (L) LmQ (L)
v elleax[m‘f,mZ{ A (L) elleax[m‘ll,mlf B (L) .
I (L) { z; } =0 with IT'; (L) = es L2 A (L) e, L™2B (L) =D o Tuel’
e\ L~ A (L) ey L"vB (L)

where n71 € N and all f‘l,k have real numbers as elements. Let us define

1 0 0 0 o0
DU U C
Ji = 0 0 1 o T = ;
(Nx(N+1)) Do o | avx : : -0
: 0o - 0 1
0 0 0 1 0 . 0
0 0 1 0 0
J3 = and Jy = 0
((N+1)x1) 0 (Nx(N+1)) 0

H
o
o -
o
—
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If m$ > m% then replace sequentially Y;_j for k € {0,...,m‘1‘ —m}{} in the second line of
f‘l (L) [ Y: 2 ]/ = 0 by its expression in (Jlf‘LOJg)_lJlf‘l (L) LF [ Y: =% ]/ = 0, given
that |J1f‘1,0J2| = \X(OH # 0, and note I'y (L) (Y, % ]/ = 0 the resulting system, with
Iy (L)= 2120 f‘g’kLk where n72 € N and all f‘g’k have real numbers as elements (I's (L) = T'y (L)
if m§ < m’{). Given that Jlf‘l,ng =0 for k € {O, .., NAX [m‘f — m’{,O]} due to assumption 2.iii,

we have o )

dA(0) 0
0 e'B
Ty =| €A (0) 0

s

[ eyA(0) 0 |

Since X (0) is invertible, f‘z,o is invertible as well so that according to a standard matricial result
of time series analysis (¢f e.g. Hamilton, 1994, chap. 10, prop. 10.1) the non-zero eigenvalues of
T, (L), which are those of I'y (L), are the roots of polynomial £ (X) = ’X’ﬁ2 T, (Xfl)‘ e RX].
Now & (X) = & (X) + & (X) where

k=—m

~ Xn%—m Z—l f)kX—k' Xn:’Z —-m Z;ﬁl akx—k
& (X) = J4Xn’32f\2 (Xil) -

2 _m nP = _ 272 —m nd _
and & (X)E‘ X em ey PRX TR Xy R X R '

T X"Ty (X71)
If m = 0 then & (X) = 0. Otherwise the degree of & (X) is equal to n72 (N + 1) since the
coefficient of X" 2(N+1) in & (X) is ‘f‘g’o’ £ 0. For ¢ sufficiently close to 0, the degree of & (X)

is equal to n72 (N + 1) — m since the coefficient of XD iy £ (X) s

Py o
0 ellB—m*;
e3A (0) 0 — (=) eB_,»[Q#0ase—0.
ey A (0) 0
Let us note 1, ..., T,72(n41) the roots of & (X), ranked first by increasing modulus (i.e. |[Z;| <
o ST 72 (N4 ’) and second by increasing complex argument (i.e. if 3i € {1,...,n72 (N +1) — 1},
|Z;| = |Zit1], then ¢ (Z;) < ¢ (Tit1), where ¢ : C — [0;27[ denotes the complex argument
function). Similarly, let us note x1, ..., 2, the non-zero eigenvalues of system (5) ranked first by

increasing modulus and second by increasing complex argument, which are all of modulus strictly

lower than one since (R) satisfies condition 4. Since & (X) — 0 as ¢ — 0, we have

(xl, ~-~797rﬁz(N+1)—m> —(0,...,0,21,...,x,) ase — 0
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and Vk € {0,....,m — 1}, (T35, (ny1)—| — +00 as e — 0,

which implies: i) that the system made of (1) and (R) has no eigenvalue whose modulus is between
1 and p, with g — 400 as ¢ — 0; ii) given step 1, that this system admits either one or zero
stationary solution, depending on whether Blanchard and Kahn’s (1980) rank condition is satisfied
or not. Since assumption 3 and the continuous-probability-distribution assumption together ensure
that this rank condition is satisfied with probability one, we further get that this system admits
one unique stationary solution.

Step 3: let us write equations (?) for k € {1, ..., N}, obtained in appendix A, in the form

U(L)Y, +V (L) z+W(L)E =0

VL' and W (L)zZZiO W,.L*,

with U (L)EZ::O ULk, V (L)= W (1)
X

(NxN) (Nx1) Zk:ma"[owm‘f*m?“}
— — — — — —

where (n von? ,n“’) € N3 and all Uy, Vj, Wy, have real numbers as elements. For all (i,5) €

{1,..., N}* such that i < j, let (;; be defined by (; ; = 1if Vk € {4,...,j}, mf =0and (; ; =0

otherwise. We then have

§2,N 1 C2,2 T C2,N—1
N
: N—-1,N—1
CN,N 0 0 1

so that since U (0) = €2 is invertible, U (0) is invertible as well. In this case, the same reasoning
as the one conducted at the end of appendix A, this time using U (L), v (L) and W (L) instead
of U(L), V(L) and W (L), leads to a system of the form

Y,
Zt

E, {Al (L) { } + Ay (L) gt} =0 (26)

with  Aj (L) Ezk;o A1 L and A, (L) EZ:;O A LF,
(N+1)x (N+1) (N+1)XN
where (n’\l,n)‘2) e N2, all A1k, Aoy have real numbers as elements, A; o is invertible and all
eigenvalues of A; (L) are of modulus strictly lower than one. Since (26) is equivalent to the system
made of (S) and (R), (10) is the unique solution of (26).
Similarly, let us follow the same reasoning as the one conducted at the beginning of appendix
A, this time starting from (E) instead of (T) and using (R) instead of (R), to get equations

(7) to (ﬁ) corresponding to equations (5)) to (ﬁ) in appendix A. Equations (E) and (?) for
k €{2,..., N} can then be re-written in the form

5 {ﬁ@wtﬁ(mztw:vw)st} -
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= =

L= . n" = L < . n? = & = . n® = &
with U (L):Zk:_m% UL, V (L)= Zk:_m% ViLF and W (L):Zk:_m% WL,
(NXN) (Nx1) (NXN)
5 53 3 55 5 = = = = —
where (m®,m?,m% , n% n?, n%) e N° all Uy, Vi, W}, have real numbers as elements, d(U (L), U (L)) —
= — = =

0, d(V (L), V (L)) — 0 and d(W (L), W (L)) — 0 as ¢ — 0. Given that U (0) — U (0) as
e —0, U (0) is invertible for e sufficiently small, so that the same reasoning as the one conducted

at the end of appendix A leads to a system of the form

~ Y —
E: {A1 (L) [ z: } + Ay (L) £t} =0 (27)
- 1 S _ %2 -
with Ay (L) = Ay pLFand Ay (L) = ALk,
(N+1)x(N+1) Zk:fmkl (N+1)xN Zk:*m*z

where (mxl,mx2,nxl,nx2> € N4, all 1~X17k, 1~X27k have real numbers as elements, d(Kl (L),A (L)) —
0 and d(As (L), Ay (L)) — 0 as e — 0. Since (27) is implied by the system made of (S) and

(R), (11) is one solution of (27).
Finally, let us note (64, ...,0,6), where

n9E(ma+n“+1)N2+(mb+nb+1)N+(nc—|—1)N2+(nd—i—l)N,

the list (in a given order) of the true structural parameters, i.e. the elements of Ay for —m® < k <
n®, By, for —m? < k < n® and Cy, for 0 < k < n¢ and dipfor1<i<Nand0<Ek< nt, Similarly,
let us note (51, ...,5ne) the list (in the corresponding order) of the measured structural parameters,
and let us consider a given infinite sequence of (51, ...,E,Le) converging towards (61, ...,0,,6). This
sequence corresponds to a unique sequence of € converging towards zero and a unique sequence of
X (L). If )~(0 did not converge towards X along this sequence of X (L), then there would exist a
strictly positive real number wy and an extracted sequence of (51, ...,5ns) such that HXO — Xo H >
wp for every element of the corresponding extracted sequence of X (L), where ||.|| denotes a given
norm on matrices. From (26) and (27) it is easy to see, but tedious to show formally, that for
any element of this extracted sequence of (51, ...,gne) sufficiently close to (61, ...,0,6) there would
then exist a strictly increasing sequence extracted from the sequence (Hik H) ken corresponding to
this element, which is impossible given that )~(k — 0 as kK — +0o0, so that we conclude that
)~(0 — X along the sequence of X (L) considered. By the same reasoning we obtain that Vk € N,
if (Xo,..., Xj) — (Xo, ..., X)) along the sequence of X (L) considered then X1 — Xj41 along
this sequence. By recurrence on k € N we therefore conclude that Vk € N, Xk — X} along
this sequence. Given that there exists (p,q) € N? such that every element of the sequence of
X (L) considered is the Wold form of a VARMA (p, ¢) process with p <P and ¢ < g, as implied by

Blanchard and Kahn’s (1980) results in our context, this “simply continuous” convergence (Vk € N,
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X — X;) implies in turn the “absolutely continuous” convergence d(X (L), X (L)) — 0 along

the sequence of X (L) considered.
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