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Abstract

This paper considers Stackelberg competition in a general equilibrium
framework. The working of market power and the configurations of strate-
gic interactions are complexified by the presence of an active leader. Two
market price mechanisms are here studied: one is associated with the
Stackelberg-Walras equilibrium and the other is linked to the Stackelberg-
Cournot equilibrium. In the context of an exchange economy with a pro-
duction sector, several results are obtained about equilibria mergings and
about welfare comparisons.

1 Introduction

The concept of oligopoly equilibrium initially introduced by Stackelberg (1934)
has mainly been developed in partial equilibrium analysis (see for instance An-
derson and Engers (1992), Friedman (1992) and Tirole (1988)). This paper aims
at extending the analysis of oligopolistic competition proposed by Stackelberg
to a general equilibrium framework. We therefore propose to analyze the shapes
and the consequences of market power under Stackelberg competition for an
overall economy.

The concept of Stackelberg equilibrium is here modeled in the context of an
exchange economy with a production sector. The simple model we develop is
sufficient to display the diversity of behaviors and of strategic interactions as-
sociated with this complex form of competition. The "Stackelberg-Walras equi-
librium" combines perfectly and imperfectly competitive behaviors, whereas the
"Stackelberg-Cournot equilibrium" only involves strategic behaviors. In the for-
mer specification, the asymmetry takes place on the same side of the market and
also between opposite sides of the market: some agents will act competitively as
price-takers, while the other agents shall behave oligopolistically, with one leader

*This paper was presented in the CoFail seminar, which holds at the University of Paris
X-Nanterre. We are grateful to Christian Bidard, Olivier Musy and Aurélien Saidi for their
helpful remarks.



and one follower. In the latter specification, only the first type of asymmetry
remains, the exchange taking place between one leader and followers.

Stackelberg competition is here studied under two different market price
mechanisms. One Stackelberg general equilibrium concept is therefore associ-
ated with each market price mechanism. The first one comes from a market
equilibrium condition, with a market excess demand function for each com-
modity depending on a price system manipulated by the aggregate strategic
supply. In this approach, the equilibrium market prices are determined for any
given strategies (Walrasian step) and then the oligopolists’ strategies are decided
(Cournotian step). The Cournot-Walras equilibrium is the typical concept in this
line initially developed by Codognato and Gabszewicz (1991), (1993), and later
pursued by d’Aspremont et alii (1997) and by Gabszewicz and Michel (1997).
The second market price mechanism is implemented in strategic market games
proposed by Shapley and Shubik (1977) and developed by Amir et alii (1990)).
Without money, the market relative price for each pair of commodities is the
inverse ratio of the aggregate strategic supplies. These two kinds of market price
mechanisms have been largely used in the literature devoted to general equilib-
rium under strategic interactions (see Gabszewicz (2002) and Giraud (2003)).

Tackling any Stackelberg general equilibrium concept, we assume the indi-
vidual positions and the timing of moves as given, and therefore do not question
the way a specific agent could or should become a leader (see Amir and Grilo
(1999)). The purpose of this paper is rather the introduction of strategic in-
teractions & la Stackelberg between interrelated markets. Correlatively, two
interesting features can be put forward when casting Stackelberg competition
into a general equilibrium framework. First, the market demand addressed to
the producers is here made endogenous, which overcomes the lack of microfoun-
dations that occurs with the usual assumption of an exogenous market demand
function. Second, the model displays different kinds of heterogeneity and throws
light on their consequences in terms of welfare. It especially integrates asymme-
tries across markets, which cannot be captured in partial equilibrium analyses'.

Three types of results are obtained about mergings between equilibria and
about production or welfare comparisons. For instance, when the productivity
parameters of both oligopolists take the same value, the Stackelberg equilibria
coincide with the Cournot equilibria for the two considered market mechanisms.
And when these parameters take different values, there is no Pareto domination
between the Stackelberg equilibria and the Cournot equilibria.

The paper is organized as follows. In section 2, we present the environment
and define the economy. In section 3, we study the equilibrium allocation under
the Stackelberg-Walras mechanism and establish two propositions. In section
4, we analyze the equilibrium allocation under the Cournot-Stackelberg mech-
anism and establish two propositions. In section 5, we compare the two kinds
of Stackelberg allocations, and we introduce the competitive equilibrium in the
general ranking of levels of production. In section 6, we conclude.

IThe existence and the uniqueness analysis are beyond the scope of this paper. The exis-
tence of a general oligopoly equilibrium usually rises specific problems (see Bonnisseau and
Florig (2003), Gabszewicz (2002)).



2 The economy

We consider an exchange economy with a production sector. It includes a finite
set H of agents, indexed h, with h = 1,...,n + 2; and two divisible commodities
(1 and 2). As an exchange economy, this framework displays agents 1 and 2
buying good 2 and the n other agents buying good 1 as consumption goods. As
an economy with a production sector, this framework diplays agents 1 and 2
buying good 2 as an input, producing good 1 for self-consumption and for sale.
The prices of the two goods expressed in a numéraire are denoted p; and ps;
and we may refer to the relative price p—; as p. The preferences of any agent
h € 'H are represented by the following utility function:

Up=alnzp + (1 —a)lnzye , with a € (0,1), VA =1,...,n+ 2, (1)

where xp1 and zpo represent the quantities of both goods consumed by any
agent h. The structure of the initial endowments is assumed to be the same as
in Gabszewicz and Michel (1997):

wp = (0’0) ) Vh = 1727 (2)

1
wp = (0, n) ,Vh=3,..,n+2. (3)

The amount of the second good is thus initially given and spread among
the agents of the second type, each of them owning by assumption the same
quantity 1/n. The first good does not exist a priori in the economy, but can be
produced by the first type of agents, who are endowed with a constant returns
to scale technology?. Each linear technology tranforms the second commodity
into the first one, according to the following specifications:

Y11 = i2’12 and yo1 = i2’22 , with 31, 85 >0, (4)
e Ba
where y17 and yo; are the amounts of commodity 1 that agents 1 and 2 can
produce when using quantities z15 and z95 of good 2. So, the parameters 5; and
B5 measure the productivities.

The two producing agents always behave strategically. When they compete
together a la Stackelberg, the first agent is assumed to be the leader and the
second is the follower. This asymmetry on the same side of the market could
be based on a discrepancy in productivity: assuming f; < B4, or 6% > B%’
would be a way to justify that the more productive agent is granted the leader
position, while the less productive agent is granted the follower position. Un-
der Stackelberg or Cournot competition, both oligopolists have two strategic

2 As in Gabszewicz and Michel (1997), this specification is sufficient to capture some relevant
features of strategic interactions in a general equilibrium framework with production.



decisions to make: which quantities y;; and y2; of good 1 to produce (which de-
termines through (4) the amounts z13 and z22 of good 2 to be bought as inputs),
and which amounts s1; and es; of good 1 to supply in exchange for good 2 on
the market. The strategy sets for the supplies of both oligopolists are respec-
tively S1 = {s11 € Ry |0<s11 < w11} and By = {ea1 € Ry |0 < eaq < yor ).

1

And their production sets are given by Y; = {(yn,zlg) IS Ri | y11 < o212

and by Y] = {(y21,222) € Ri | yo1 < [3%222}' These strategy and production

sets are thus convex. A pure strategy for oligopolist 1 is a pair (y11,811) ,with
y11 € Y1, s11 € Si; and a pure strategy for oligopolist 2 is a pair (ea1,y21),
with yo1 € Yo, ea1 € Fs. Hence, the profit of each oligopolist writes respectively
Iy (s11,911) = pisi1 — p2B1y11 and IIs (e21,y21) = prear — p2Bsy21. The allo-
cations (zp1,xp2), Yh = 1,2, resulting of the market process follow. Agent 1
obtains in exchange of s17 a quantity 5—;511 of good 2, and finally consumes an

amount xip = % of this good and a quantity 17 = y11 — s11 of good 1. Simi-

larly, agent 2 obtains in exchange of es; a quantity %621 of good 2, and finally

consumes an amount Top = % of this good and a quantity o1 = y21 — €21 of

good 1.

The n agents endowed in good 2 behave either competitively or strategically.
When acting competitively, these agents have only one decision to make: which
quantities of the two goods (zp1,xx2) they want to consume, taking the price
system (p1,p2) as given. Denoting Fj the strategic set of any agent h, h =
3,..,n+ 2, we have E, = {@}. In this case, the allocation (zp1,xp2) of agent
h satisfies p1xp1 + poxrpe < %2, Vh = 3,...,n + 2. When acting strategically,
they will try to manipulate the price system (p1,p2) in order to obtain a more
favorable rate of exchange. Let us denote eps the pure strategy of agent h,
h=3,...,n+2, with ey € [0, ﬂ . The strategic set of any agent h, h = 3, ..., n+2,
is then Sj, = {ehg ER; |0<epe < %} Any h will thus obtain in exchange of
en2 a quantity 22ej,o of good 1. In that case, the market process leads to the

p1
final allocation (zp1,xpe) such that z;,; = g—fehg and Ty = % — ena.

Beyond the three shapes of behavior at stake, two kinds of market price
mechanism will be considered. The first one is basically a market equilibrium
condition, defined for given strategies; while the second one insures the turn
over of the supplied goods, the relative price being the inverse ratio of brought
quantities. We here introduce a leader & la Stackelberg under both market price
mechanisms in order to analyze the strategic interactions and to determine the
associated equilibrium allocations.

Let us now define an economy for this environment?.

Definition 1 An economy is a collection of agents, endowments, production
and strategic sets & = {(w1,Y1,S1), (we, Ya, Ea), (wh, Eh)}h::’),‘..mm'

3We will denote the supply strategy of agent 1 by s11 when s/he acts as a Stackelberg
leader and by e11 when s/he acts as a Cournot oligopolist.

4We can notice that for o = 0 the economy is autarkic; and for o = 1 commodity 2 is a
pure input and agents only consume good 1.



For this economy, we first study the Stackelberg-Walras equilibrium (SWE),
for which E, = {@}, Vh = 3,...,n + 2. We then relax the price-taking assump-
tion and study the Stackelberg-Cournot equilibrium (SCE), for which E; =
{ehg ERy |0<ep < %}, Vh = 3,...,n+2. We finally compare these two equi-
libria to the Cournot-Walras equilibrium (CWE) and to the Cournot equilibrium
(CE).

3 The Stackelberg-Walras equilibrium

In the SWE framework, it is considered that agents having endowments in good
2 act competitively, whereas the other agents behave strategically. The leader
manipulates the follower’s decision and all these oligopolists manipulate the
price by restricting their supply, while the many other agents are price-takers.

A SWE for the economy ¢ is a non cooperative equilibrium of a game where
the players are the oligopolists, the strategies are their production and supply
decisions and the payoffs are their utility levels.

Definition 2 A SWE for the economy £ is given by a market price p(811,€21),
a pair of strategies (811,€21), with §11 € [0,%11] and éa1 € [0,921], and an
allocation (Z1,...,Thy oy Tnt2) € Ri(nw) such that: (i) T = xp(811,€21,D),
Vh, (i) MaxUy(zp) s.t. prp < powpe, Yh = 3,..,n + 2, (iii) s11 + €21 =

ZZ,H_Q zp1(p), Vs11, Yeor, () Ua(Z2(511,€21,P)) > Usz(z2(811,€21,Dp)), Veu
and (v) Uy (%1(511,€21,P)) > U (z1(s11, €21(s11), D)), Vs11.

The Stackelberg-Walras allocations depend on competitive and strategic de-
cisions. This equilibrium concept can be viewed as a subgame perfect equilibrium
of a three-stage game®. In the first step the competitive equilibrium is computed
for any value of each strategy. In the second step the follower’s reaction func-
tions are determined. In the third step the leader’s optimal decisions are made.
The story is solved by backward induction, considering first all the competitive
behaviors, then the decisions of the follower and finally the choices of the leader.

Therefore, each agent h, h = 3,...,n + 2, solves the following maximization

program ( Max ) alnzy + (1 —a)lnzyg st. przpg + perpe < B2 This leads
Th1yTh2
notably to the vector of competitive demand functions for commodities 1 and 2,

ie. zp(p1,p2) = (QP—Q l_—o‘), Vh = 3,...,n+ 2. The aggregate demand function

npi’ n
in good 1 which is addressed to the oligopolists is thus z; = ag—f. The market-
clearing condition for good 1 then writes a% = S11 + €21, which leads to:
P1 «
—= ()

P2 S11 + €21

5The concept of subgame perfect equilibrium of a two stage game was initially proposed
for the Cournot-Walras equilibrium by Busetto et aliz (2008).



ozl
Equation (5) verifies % > 0: the relative price depends on the struc-
o(3%)

ture of preferences. And oni e

< 0: the oligopolists can get a better price
restricting their supplies.

The strategic plan of the follower is determined by two elements: s/he
manipulates the market price and s/he takes the leader’s strategy as given.

The objective function of the follower can be written as the payoff function
Va(e21,921) = aln(y21 —e2n) + (1 — ) ln( €21 — 52y21> (see Appendix 1).
The follower maximizes Va(ea1,y21) with respect to eg; and yo1:

Argmax aln (yo21 —e21) + (1 — a)ln (
{e21,y21} S11 + €21

The optimality conditions with respect to es; and yo1, i.e. 9Va/des; = 0 and
8‘/2/8:1421 = O7 yield:

€21 — 522921) . (6)

o _ O‘(la_ a)(‘sllj’#l)z _ a(l —a)B, ’ (7)

Y21 — €21 S11tes. 021 — Bay21 S1ides; C21 T Bay21

From (7) we can deduce the two reaction functions of the follower:

«
e21(s11) = —s11 + 4/ =511 (8)
V' B2
ygl(sn) 1 — 20& 811 — 1 — 811 (9)
52 \/

Since s17 is the only leader’s decision 1nﬂuen01ng the relative price, these two
reaction functions depend on si; and not on y;;. These functions inherit the
properties of the relations given in (1) and (4) and are all continuous. We must
have y21 > ea; > 0. Indeed, es; > 0 is obtained when s11 < ﬁ% (see Equation

(12)), i.e. 28, > B, which is assumed to be verified. And y2; > e2; (which

guarantees that yo; > 0) if ﬂ £L L+ igi > 1. This inequality stands if and only if

© (&) > 0, with ¢ = (%) - =t —|— . We easily verify that ¢ > 0 on (1, 1).

Additionally, ‘9221 > 0 for s11 € {0, 155 15, By } We

also have 885221 < 0. The same last three properties hold for y21(s11). Finally,
<11

] and 8621 < 0 for s11 € {

%676221 < 0 and % > 0: the strategic supply of the follower increases when

her/his productivity goes up and depends on the structure of preferences.

The strategic plan of the leader is determined by two elements: the leader
manipulates the market price, as given by (5), and the follower strategy es;.
Using the same argument as previously, one obtains the following payoff function

6The equilibrium strategies in (12) will show that 311 € [ %] where strategic substi-

_a
4857 B
tuabilities occur. Conversely, strategic complementarities are displayed for si1 € [0, &}



for the leader: Vi(s11,y11) = aln(y11 —s11) + (1 —a)In (%;811 — ﬁlyH). This
function has to be maximized with respect to s11 and yi1:

@
Argmax aln —sn1)+(1l—a)ln | ————s11 — , 10
PR (1~ o) + ) (511 +ea(sn) 61y11> (10)

The optimality conditions with respect to s1; and y11, i.e. 9V5/ds11 = 0 and
8‘/2/62411 = 0, yield:
e21(511)

o _all-o)@ME (1-a)b (11)

Y21 — €21(511) A A
where A = m@l(su) — Boyo1. This gives the vector of equilibrium

strategies of the leader:

g7 4 B
We obviously have (811,911) € R?Hr, and g1 > 811 as a > 0.
We deduce the equilibrium follower’s equilibrium strategies €21(511) and
o1 (311):

a By oz(l—i—a)ﬂg). (12)

(811,911) = (

a(2ﬁl — B2) a2 a(l _ 20[) Oé(l — O[)/B2> ) (13)

(€21,T21) = (4ﬂf '3, + T e

From (5), (12) and (13), the equilibrium relative price is:

(’51) =28,. (14)

b2

We have 82[’?)

1
becomes less valued relatively to commodity 2.
The equilibrium allocations are:

2 _ 2 . 2
(T21,T22) = <22 (W) ;a(l —a) (2&2[3152) > ; (16)

1l al-«
Thi, T =(———-,— h=3,.. 2. 1
(xh17$h2) <2ﬁ1n7 n >7v 33 an+ ( 7)

The corresponding utility levels are:

> 0. As the leader’s productivity increases, commodity 1

Uy =A@)+InBy,—(1+a)lng, —2In2, (18)



U, = Ala) +2[In(25; = f3) =In2 —In ;] — aln 3y, (19)

U, = (I-a)ln(l-—a)+a(lna—In2—-1Ing;) —Ilnn, Vh # 1,2, (20)

where A(a) = 14+ a)lna+ (1 — a)ln(1 — «).

It can be noticed that the utility of each of the two oligopolists depends
positively on his/her productivity and negatively on the other’s productivity”.
The welfare of each competitive agent decreases with their number but increases
with the leader’s productivity.

It is meaningful to compare the market outcomes holding under the SWE
with these that would prevail if both producers played a Cournot game. This
is condensed in the two following propositions.

Proposition 3 When B, = [,, the Stackelberg-Walras equilibrium coincides
with the Cournot-Walras equilibrium.

Proof. We verify that the equilibrium strategies of both oligopolists, the market
price and the SWE allocations reached for B, = P9 correspond to the equi-
librium strategies, the market price and the allocations that would be obtained
in an environment where both producers would play a Cournot game, all the
consumers owning good 2 still behaving competitively. A Cournot-Walras equi-
librium for the economy & is given by a market price p(€11,621), a pair of strate-
gies (é11,€21) and an allocation (Z1,...,%p, ..., Enta) € Ri(nﬁ) such that: (i)
Tn = xp(811,€21,D), Vh, (i) MazUp (&) s.t. ptp < pawpe, h = 3,....,n + 2,
(iii) ern + e = Y pxp(p), h # 1,2, Vei1,Vear, (w) Uz (Z2(€11,€21,P)) >
Us (x2(€11,€21,p)), Vear, and (v) Uy (£1(€11, €21,P)) > Ui (z1(e11, €21,p)), Venr.
Consider the mazimization programs as given by (6) and by (10) with s11 = e
and e21(s11) = ea1. The equilibrium strategies (€11,821) are solutions of the

two equations e;; = —eg1 + %and ey = —e1q + % This leads to
1 2

. . e Ly v _ afBy afy
the following pair of equilibrium strategies: (&11,6€21) = ((/31+,B2)2’ (61+62)2)'
The equilibrium price is then p = B, + By. The production strategies are thus

(111, %01) = (O‘% ((f;ligf)zg,ag—;((gﬁ;fg) The CWE is given by (%11, %12) =

2 2 5 9
1 af B oo (1 aB P
(Bl (728) o= a) (55 ) (o 2z) = (Bz (%) a1 -a) (525) )
and for h =3, ...,n+2, (1, Tn2) = (m%, 1_TO‘) When 8, = By = 8, (12)-
(14) lead to (311, €21) = (&&) and § = 26; and (15)-(17) yield (11, 512) =
2 a(l-a ~ A 2 a(l-a L _
(% (2) ’¥>7 (21, 822) = (é (%) 7%)7 (Tn1,Th2) = (%%71%)’

Vh =3,...n+2. For 8, = By = [, we finally verify that (é11,¢&21) = (811, €21)
and p = p, which leads to (Zp1,Zp2) = (Tn1,Zn2), Vh. QED. m

"The utility Uz can be written Uz = A(a) —2In2 + 21n ( — %) —alnf,.



Switching from follower to leader, agent 1 does not modify anything when
her /his leading position is not backed up by an objective competitive advantage
(such as a better productivity) compared to agent 2.

Proposition 4 When 8, < 4, the Cournot-Walras equilibrium is not Pareto
dominated by the Stackelberg-Walras equilibrium.

Proof. The utility levels reached by the two Cournotian oligopolists and the
competitive agents are respectively Uy = Ale) +2In By —alnfBy —2In(B; + B,),
Us = Ala) + 2InBy —alnfBy —2In(8; + B5) and Up, = A(a) —Ina —Inn —
aln(By + B5), Yh = 3,...,n + 2. For the first oligopolist, we have U, — Uy =
2In(By + By) —In By —InBy — 2In2 > 0 since (B; — B5)? > 0. For the other
oligopolist, we have Uy — Uy = 2 (B +B;) +21n(28, —B5) —4In 3, —2In2 < 0.
For all the other agents, this yields U, — Uy = aln(B8;+85)—alnf;—aln2 > 0.
QED. m

When agent 1 benefits from a competitive advantage (8, < B5), s/he does
better as a leader than as a follower; and agent 2 is better off confronted to a
Cournot competitor than to a Stackelberg one. Moreover, the welfare of agents
endowed with good 2 is higher when they face a Stackelberg competition and
not a Cournot one.

4 The Stackelberg-Cournot equilibrium

In the SCE framework, it is considered that all agents behave strategically, with
agent 1 as the leader. The set of followers now also encompasses all the agents
endowed with good 2. The pure strategy of agent h, h = 3,...,n + 2, is ep2 and
h obtains in exchange of ey a quantity %ehg of good 1.

Definition 5 A SCE for & is given by a market price p(511, €21, €én2), a (n+2)-
tuple Of strategies (§11,é217éh2), with $11 € [0,2}11], és1 € [0,:&21] and épy €
[0, %], and an allocation (&1,32, ..., Ty oy Tnta) € Ri(nﬂ) such that: (i) &p =
Jih(éll,égl,éig,ﬁ), Vh, Vi = 3,...,7’L+ 2, (’LZ) S11 + e21 = %Zh €h2, h 75 1,2,
Vs11, Vear and Venz (iii) Up(2n (511, €21, €n2, €—n2) > Un(@n (811, €21, €n2, €—n2)),
Vehg, Vh = 3,...,7’L+ 2, (M}) Ug(fg(gll,égl, éhg) Z U2(£C2(§11,621,éh2)), Vegl,
Vh = 3,...,TL+ 2 cmd (U) U1(£1(§11,é21, éhQ) Z U1($1(811,621(811),6h2(811)),
VSH, Vh 75 1,2.

This equilibrium concept can be viewed as the subgame perfect equilibrium
of a two-stage game. In the first step all the reaction functions are determined;
in the second step the leader’s optimal decision is made. The story is solved
by backward induction, considering first all the strategic reactive decisions, and
then the strategic active choice of the leader.

The market price which insures market-clearing is given by:

h=n+2

§ €h2

B h=s (21)
P2 S11 + €21



Taking the (n — 1)e_p2, s11 and eg; strategies as given, each oligopolist h,
h = 3,...,n + 2, maximizes her/his utility. Following a procedure similar to
the argument given in section 3, it can be shown that the strategy set can
be restricted to Ej, with Ej = {ehz ERy |0<ep < %}, Vh = 3,...,n+ 2.
Consequently, the utility level reached by any oligopolist h, h = 3,...,n 4+ 2 is

given by V;, = aln (%ehg) +(1—a)ln (% — ehg). Then:

(s11 + e21) ) <1 )
Argmax aln e +(1—-a)ln|——e , 22
g (em T D)+ e (e (22)

which gives the following reaction functions:
@
ena = —v,YVh=3,...,n+ 2, (23)
n

where v = 2=L | with % <~y<1L

n—ao’

Taking the strategy s11 and the n strategies epo as given, the Cournotian
follower who produces good 1 solves the program:

Argmax aln —e —|—1—a1n<
{62‘?4!21} (y21 21) ( ) S11 + €21

which gives the reaction functions:

e21(s11) = —s11 + g’7811- (25)
V' B2
2
y21(811) = a—’y + (1 -2a) g7311 — (1 —a)sy. (26)
By V B2

As for (8)-(9), these two reaction functions depend on s1; and not on y11.

We can verify that ya1 > e2; > 0. Additionally, giﬁ > 0 for s11 € [0, %}

Oeay ay oy %e;
and ger < 0 for s17 € {452’ ﬁz]' We also have 957, < 0. The same last three

properties hold for ya1(s11). Finally, %6’521 < 0 and 85;1 > 0: again, the strategic

€21 — 523/21) ; (24)

supply of the follower increases when her/his productivity goes up and depends
on the structure of preferences.

Considering the best responses of all the followers, the leader maximizes
her/his utility:

Argmaxaln (y;1 — s11) + (1 —a)ln (\/ afyysin — 51y11) ) (27)

{811,911}

which gives the vector of equilibrium strategies of the leader:

(511,911) = (Z?%% a(l4+a)g§7> :

We deduce the followers’ strategies é21(811), §21(811) and épa:

(28)

10



N 28, — 2 1—2 1-—
(621,1/21) = <W ;2’7 + ( 28, a)”y - a( 4ﬂ?)62 7) , (29)
ény = %%Vh — 3, n+2. (30)

The equilibrium price is then:

(i;) =28,. (31)

The equilibrium allocations are:

(611, F12) = (()262 (14—0) By ) (32)

2) 3 5
(621,2) = (52 (2722) e (Lo 2) 7>, 3
(Zh1, Th2) = <2;13% L —nory) L, Yh=3..n+2. (34)

The corresponding utility levels are:

01 :Ul +h’l’)/, (35)

Uy = Uy + In~, (36)
. - 1—
Uh:Uh+a1n7+(1—a)ln(1Oj),Vh:S,...,n—i—Q. (37)

Proposition 6 When 8, = 5, the Stackelberg-Cournot equilibrium coincides
with the Cournot equilibrium.

Proof. We verify that the equilibrium strategies of both oligopolists, the market
price and the SCE allocations reached for 8; = /3, correspond to the equilibrium
values that would be obtained in an environment where all agents would play a
Cournot game. A Cournot equilibrium for the economy ¢ is given by a market
price p(€éy.), Vh, a vector of strategies (€11, €21, ..., €n2, .oy Chnt2) € Rﬁ” and an
allocation (&1, ..., Zn, -y Tnta) € RT’Q such that: (i) &, = xp(ép.,p), Vh, (ii)
e11 + e = % Zh ens and (lll) Uy, (ih(éh.,é_h‘,ﬁ) > Uh(:ch(eh.,é_h‘,p)), Vh.
Consider (22) and (24). The equilibrium strategies for agent h, h = 3,...,n + 2
are épy = 97, While the equilibrium strategies for agents 1 and 2 (é11,621) =

((ﬁ Ofﬁ2)2 v, (BIJFB )27) are the solutions to e;; = —ea + /B%'yegl and ey =
—e11+, /ﬁ—27€11. Then p = 8,+085. Additionally, (711, J21) = (a((glljgﬁ%) %7’ (31(53‘3‘1’6_1_1;2’?%) g—;’y),
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2 2
from which we can deduce (#11,%12) = </311 (;‘f%) v, a(l — @) (ﬁl'gfﬁ2> 'y)

2 2
for the first producer, (&a1,d22) = (/312 (6(115162) v, a(l — ) (/315-%1/3) 7) for

the second one, and (Zp1,dn2) = (m%% lfno‘v), Vh =3,...,n+ 2. When

By = By = B, (28)-(31) lead to (é11,é21) = (7 37), ¥h = 1,2, &z = 27,
Vh =3,...,n+2 and p = 28. Moreover, (32)-(34) yield respectively (&1, %12) =
((%)2 %'y, @’y), (Z21,Z92) = (% (%)2’77 @’y) and (21, Tho) = (%%%
Vh =3,...,n+ 2. For 8, = B, = 3, we verify that (é11,€21) = (é11,é21), D =
and (.fhl,{i'hg) = (ihl,ﬁfhg), Vh. QED | ]

Proposition 3 is analogous to proposition 1: if agents 1 and 2 possess the

same productive technology, then acting as a leader or as a follower (for agent
1) does not change the overall market outcomes.

Proposition 7 When 8, < (5, there is no Pareto domination between the
Stackelberg-Cournot and the Cournot equilibria.

Proof. Using (35)-(37) and the second part of the preceding proof (from which
the utility levels reached at the Cournot equilibrium are deduced), we have

Ul—Ul = ln[%} > 0 and UQ_UQ :2ln{1+w < 0 since

B, < By. Moreover, we have Uj, — U;, = aln (%ﬁz) > 0 since 8, + 85 > 28,
h=3,..,n+2. =m

Proposition 4 confirms proposition 2: the shift of agent 1 from a Cournot
to a Stackelberg behavior is improving for her/him, deteriorating for her /his
follower competitor (on the same side of the market) and improving for the
other agents (on the other side of the market).

5 Welfare and merging about Stackelberg gen-
eral equilibria

Confronting the SWE with the SCE, we can notably establish a Pareto domi-
nation (when v < 1) and a merging (when + tends to 1).

Proposition 8 When v < 1, the Stackelberg-Cournot equilibrium is Pareto
dominated by the Stackelberg-Walras equilibrium.

Proof. Consider Eq. (35)-(37). For both producers, we easily find U}, — U =
Iny < 0, Vh = 1,2, since v < 1 for finite values of n and for a € (0,1).

Additionally, U, — U, = alny + (1—-a)ln [ﬂ:‘ﬁ’], Vh = 3,...,n + 2. Then

sign (Uh - f]h) = sign[yY(a)], where ¥(a) = aln(n — 1)+ (1 —a)Ilnn — In(n —
«). This function is defined on (0, 1), with lilrbzb(a) — 0 and limlw(a) — 0.

12
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Moreover, g—i =1In (21)+ L which satisfies g—i’ <0(>0)fora<a(a>a),
with @ = n — m Therefore ¥(a) < 0, which leads to U, — U, < 0,
Vh=3,..,n+2. QED. m

This proposition shows that some agents may be better off as price takers
and worse off as price makers. More generally, this configuration reveals the
existence of a cooperation failure. The SWE Pareto dominates the SCE because
all the strategic behaviors offset each other. The contractions of exchange and
of production are general (11 +%21 > 11 +921), but nobody succeeds in getting
a better price (see Prop. 7).

Proposition 9 When v — 1, the Stackelberg-Cournot equilibrium coincides
with the Stackelberg- Walras equilibrium.

Proof. Consider Eq. (32)-(34). We remark that (32)-(33) can be written (&1, Z12) =
Y (Z11,Z12) and (L21,%22) = 7 (%21, T22). Then il_)ml (£11,%12) = (£11,712) and

%L)Inl (igl,i‘gg) = (fgl,fgg). And from (34), %linl (ﬁ%v’ 1—7:1’)’) — (ﬁ%’ lfTa) =
((Z’hl, i’hg), Vh=3,...m+2. QED. m

The merging between the SCE and the SWE is obtained when v = 1, and
two different circumstances can lead this parameter to take that value. The
market power of agents endowed with good 2 nears to negligible when n tends
to infinity, or when the good they own becomes intrinsically useless (« — 1).
In both cases, the Cournotian behavior tends to the Walrasian one: using one’s
disappeared market power comes down to not using it®.

It is meaningful to compare the preceding equilibria with the competitive
equilibrium, when all agents behave as price takers. The market price, the pro-
duction levels and the allocations for consumers h = 3, ...,n + 2 are respectively,

when 3, < 8, (see Appendix 2):
p\
(2) =5 39

* * «
(Vi1 Y21) = (61’0) , Vh=1,2, (39)
* * al 11—«
(Thi, Tha) = (ﬁﬂl, n) , Vh=3,..,n+2. (40)

Proposition 10 Consider y as the aggregate level of production for each equi-
librium. When B < By, § <y < y* and § < g < y*. In particular, when 3, =
Bo=F9=9<y=y<y"

Proof. From (39) we have y* = B% Consider first the other levels of production

given in (12)-(13): § = fu+ia1 = 5525, [@f3 + 2087 + (1 — 2) B, 8,] and (28)-

(29): g = 911 + Y21 = v §. Moreover, from the proofs of Prop. (1) and (3), we

8The two results obtained comparing the SCE and the SWE correspond to analogous
comparative results obtainable about the CE and the CWE.

13



know § = g1 + a1 = m [04(5:15 +B3) + 8185 + 5%52] and g = 11+ 921 =

ﬁ [61 + 6y + (g—z + %)}7 then § = vy. Firstly, we verify that y* is the
highest level of production when 5, < 5. When 8, < (5, y* > ¢ if and only
if 2087 + af3 < (1 + 2)pB, B4, which is always verified for o € (0,1). When
81 = Ba, y* > ¥ if and only if a < 1. Additionally, when 8, < By, y* > ¢ if
and only if 8;(af] — B3) < (1 — a)B3, which is always verified for o € (0,1).
When §; = 85, y* > y if and only if & < 1. Secondly, when £, < 5, § > § and
gy > 9, with § = v g and § = 7y, since v < 1. Thirdly, when 5, = 38, = (3, we
have j = j = 22 and j = g = 2022y QED. m

To put it in a nutshell: the more widespread the Walrasian behavior, the
bigger the aggregate production. The competitive level or production is the
highest one, and accordingly the competitive equilibrium price is the lowest
one, as p* < p=p < p =p when 8, < By, and p* < p =p = p = p when
By = By

6 Conclusion

In the previous economy, trade is necessary to production and production is
necessary to consumption for both oligopolists. Two types of asymmetries are
here involved, in a general equilibrium framework under strategic interactions.
The first one is an asymmetry within a sector, which captures the usual strate-
gic interactions between an active leader and a follower. The second one is an
asymmetry across sectors: agents of the first sector are producers, while the re-
maining agents of the other sector are consumers. But one salient feature is that
agents endowed with no good will yet be able to exert market power through
production activities. These two exchange and production asymmetries can lead
to imperfectly competitive behaviors that create market distorsions.

The paper could be extended in the following directions. First, it could
be interesting to increase the number of sectors in the economy, to generalize
production activities in all sectors, and also to introduce non linearities in tech-
nologies. Second, optimal taxation policy could also be introduced in order to
determine the conditions under which market distorsions caused by strategic
interactions could be dampened.

A Appendix 1

We here follow an argument given by Gabszewicz and Michel (1997) for Cournot-
Walras equilibria in pure exchange economies, in order to show that the strat-
egy set of both oligopolists can be restricted. We here consider the follower,
the same analysis prevailing for the leader. The program of the follower, called

(*), consists in solving (Max aln (Y21 —ea1 + @21) + (1 — ) Inzag s.t. prze; +
T21,T22

patas < Ig(ea1,y21) and xo; > 0 and x99 > 0. First, the positivity con-
straints on profits imply that IIs(e2;,y21) > 0, which leads to %Bzygl < e9.
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Moreover, given yo1, any utility level that can be reached choosing es; <
121 can also be reached by determining es; in such a way that the quantity
ya1 — eo1 kept for later consumption is at least equal to the competitive de-

mand of good 2, that is ays (1 —52%>7 in solving Mazx alnze; + (1 —

(z21,222)
a)lnxay s.b. pr1xer + pexas < Prys1 — Bopayer. Accordingly, we consider only

strategies (ea1,ye21) satisfying the constraint es; < ayor (1 +52%>. Consider
then the strategy set Fo; = {621 eRy: B2Byya1 < ea1 < ayn (1 + 52%) } If

ea1 < ayo (1 + 62%), the solution to (%) in F2; coincides with the solution
to (*) in Eop, and this latter solution is given by (z21(p,e21), T22(p, e21)) =
(0, %621). If ea1 < ayoy (1 + 52%), the solution to the problem (x) in Eo; is

given by (a1, z92) = (621 - {(1 —a)+ aﬂ21%:| ,%O&ygl (1 +521’;—f)>. The fol-
lower obtains a utility level equal to Us (y21 —e91 + X21, Z—;aygl (1 + ﬂz%ﬁ)) =
U, (ayzl (1 — 52%) , %;aygl (1 + 52%)). Now consider that, if es; > ays
(1 + B, g—f), the strategy es is substituted by the strategy eh; = aya; (1 + ﬂQ%).

Then €}, € E2; and, according to the fact that (w21, 792) = (0, %), the solution

to the problem (x) in the strategy set Es; is given by (w21(p, €h;), T22(p, €51)) =

(0, BLays (1 +B2§—f)), so that the utility level of (x21(p,eh), Tas(p,eh)) is

given by Uz (y21 — €5y, Blayn (1 + 52%)) =U; (ay21 (1 - 52%) , Bays (1 + ﬁz%f))a
which represents the level of utility reached by the follower at the optimal so-
lution in Es;. Therefore, to determine the Stackelberg-Walras equilibrium, the
strategy set of the follower may be restricted to Fs;. In this set, the opti-

mal solution to problem (x) is given by the solution to (M ax)Vg(egl,ygl) =
€21,Y21

aln(ys; —ez) + (1 —a)ln (%621 — 52y21).

B Appendix 2

We here determine the competitive equilibrium for the economy €. Each agent

who owns good 2 solves the program ( Max )a Inzp +(1—a)lnzpe st pran +
Th1,Thl

paxpe < %2, z91 > 0 and x99 > 0. This leads to the competitive individual
demands (zp1,xpe) = (ﬂp—2 1‘—“), Vh = 3,...,n + 2, and then to the ag-

npi’ n

gregate demand (zq,22) = (ag—f, 1-— a). Each producer solves the program:

Maz  alnzp+(1—a)Inap s.t. pres+p2zne < p2yn (%; - Bh), xp1 = 0,

(Yn1,%n1,oh2)

zp2 > 0and yp1 > 0. If By < B,, then the supply correspondence of producer h,
h =1,2,isgiven by: y,, = {0 for % < Bhs Yn1 € [0,7p1] for % = (;, and g1 for % > ﬂh},

2
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with g1 = maxyp;. When 8, < B, the market equilibrium price and the
level of activity are determined by the aggregate demand function, where the

P1 P2
P2 p1’

The corresponding allocations are given by (z},,x},) = (0,0), Vh = 1,2, and

@oa) = (frh152) Vb = Bin + 2.1 6y = B = B, then (B) = 5

la %%), with (2}, 25,) = (0,0), Yh = 1,2 and (2}, 2%,) =
(ﬁl 1——&) Vh=3,...n+2.

Bn’ n

supply of good 1 is perfectly elastic, i.e. for ( = f; and yj; = «
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